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4 Lqwurgxfwlrq
Wklv sdshu lv dq h{huflvh lq vwdelol}dwlrq hfrqrplfv1 Zh dqdo|}h wkh fkrlfh ri d
prqhwdu| srolf| uhdfwlrq ixqfwlrq xvlqj wkh vwdqgdug dssurdfk ruljlqdwhg e| Edloh|
+4<95, dqg h{whqghg e| Srroh +4<:3,/ dqg rxu wlwoh lv sdwwhuqhg diwhu Srroh*v1

Zh frqvlghu wzr �jhqhudo� vshfl�fdwlrqv iru d prqhwdu| srolf| uhdfwlrq ixqf0
wlrq= d �ohyhov� uhdfwlrq ixqfwlrq dqg d �frpelqdwlrq� uhdfwlrq ixqfwlrq1 Lq erwk
vshfl�fdwlrqv/ wkh lqwhuhvw udwh lv wkh lqvwuxphqw ri prqhwdu| srolf|1 Lq wkh ohyhov
vshfl�fdwlrq/ wkh lqwhuhvw udwh uhvsrqgv wr ghyldwlrqv ri wkh prqh| vxsso|/ wkh sulfh
ohyho/ dqg wkh ohyho ri rxwsxw iurp fkrvhq ydoxhv1 Lq wkh frpelqdwlrq vshfl�fdwlrq/
wkh lqwhuhvw udwh uhvsrqgv wr ghyldwlrqv ri wkh jurzwk lq wkh prqh| vxsso|/ wkh udwh
ri lq dwlrq/ dqg wkh ohyho ri rxwsxw iurp fkrvhq ydoxhv1 Wkhvh wzr vshfl�fdwlrqv kdyh
doprvw doo srsxodu prqhwdu| srolf| uhdfwlrq ixqfwlrqv dv vshfldo fdvhv1 Wkh vshfldo
fdvhv wkdw zh frqvlghu khuh duh nhhslqj wkh lqwhuhvw udwh lqvwuxphqw frqvwdqw/ uhihuuhg
wr iru euhylw| dv �lqwhuhvw udwh wdujhwlqj/� dqg xvlqj wkh lqwhuhvw udwh lqvwuxphqw lq
wdujhwlqj h{dfwo| rqh ri wkh iroorzlqj= prqh|/ wkh sulfh ohyho/ rxwsxw/ qrplqdo lqfrph
+rxwsxw,/ prqh| jurzwk/ lq dwlrq/ dqg wkh vxp ri lq dwlrq dqg rxwsxw14

Rxu dqdo|wlfdo iudphzrun lv dq rswlpl}lqj prgho zlwk qrplqdo vwlfnlqhvv wkdw lv
�xs wr gdwh� lq wkh vhqvh wkdw lw lv vlplodu wr wkrvh dqdo|}hg e| rwkhuv uhfhqwo|15 Zh
fdoo rxu prgho �vlpsoh� ehfdxvh lw kdv rqh0shulrg qrplqdo vwlfnlqhvv/ l1l1g1 vkrfnv/
dqg qr fdslwdo dffxpxodwlrq16

Rxu prgho lqfrusrudwhv wkh lqfuhdvlqjo| srsxodu sdudgljp zlwk prqrsrolvwlf frp0
shwlwlrq dprqj �upv dqg prqrsvrqlvwlf frpshwlwlrq dprqj zrunhuv fudiwhg e| Eodq0
fkdug dqg Nl|rwdnl +4<;:, xvlqj lqvljkwv iurp Gl{lw dqg Vwljolw} +4<::,1 Dv lv qr
grxew zlgho| uhfrjql}hg/ wklv sdudgljp grhv qrw dffrxqw iru wkh suhvhqfh ri qrpl0
qdo vwlfnlqhvv/ rqh ri wkh wzr pdmru h{sodqdwlrqv iru wkh h{lvwhqfh ri d �vwdelol}dwlrq
sureohp1�7 Wkdw lv/ wkh qrplqdo vwlfnlqhvv lq prghov hperg|lqj wklv sdudgljp/ dv

4�Lqwhuhvw udwh wdujhwlqj� dqg prqh| vxsso| wdujhwlqj duh frqvlghuhg e| Edloh| +4<95, dqg Srroh
+4<:3, dqg dovr e| Eu|dqw/ Khqghuvrq/ dqg Sdunlq1 Qrplqdo lqfrph wdujhwlqj lv vxjjhvwhg e|
Frughq/ Phdgh/ dqg Wrelq= dqdo|}hg h{whqvlyho| e| Ehdq +4<;6,= dqg ixuwkhu dqdo|}hg e| Dl}hqpdq
dqg Iuhqnho> Duj|> Dvdnr dqg Zdjqhu> Iudqnho> Iudqnho dqg Fklqq> Iuhqnho/ Jrogvwhlq/ dqg Pdvvrq>
Ixnxgd dqg Kdpdgd> Pduvwrq> Phow}hu> Uhlqkduw> Wd|oru> dqg Zhvw1 Wdujhwlqj d frpelqdwlrq
ri lq dwlrq dqg rxwsxw lv lqyhvwljdwhg lq vhyhudo ri wkh fkdswhuv lq Eu|dqw/ Krrshu/ dqg Pdqq
+4<<6,/ lqfoxglqj Khqghuvrq dqg PfNleelq +4<<6d,/ dqg lq Khqghuvrq dqg PfNleelq +4<<6e, dqg
lv irxqg wr eh frqvlvwhqw zlwk X1V1 gdwd iru wkh shulrg diwhu 4<;5 e| Wd|oru +4<<6,1 D uxoh lqyroylqj
wdujhwlqj d frpelqdwlrq ri lq dwlrq dqg rxwsxw lv riwhq uhihuuhg wr dv d Wd|oru uxoh1 Flwdwlrqv iru
wkh frqwulexwlrqv ri wkh dxwkruv phqwlrqhg exw qrw flwhg lq wklv irrwqrwh duh frqwdlqhg lq wkh wzr
Khqghuvrq dqg PfNleelq slhfhv1

5Prvw ri wkh uhfhqw sdshuv wkdw pdnh xvh ri rswlpl}lqj prghov zlwk qrplqdo vwlfnlqhvv duh flwhg
lq Frroh| dqg Kdqvhq +4<<8, ru Jrrgiulhqg dqg Nlqj +4<<:,1

6Wkh dqdo|vlv ri qrq0ryhuodsslqj frqwudfwv ri wkh w|sh xvhg lq wklv sdshu zdv slrqhhuhg e|
Jud| +4<:9, +rqh0shulrg frqwudfwv, dqg Ilvfkhu +4<::, +wzr0shulrg frqwudfwv,1 Rqh0shulrg frqwudfwv
lq rswlpl}lqj prghov duh frqvlghuhg e| Fkr +4<<6, dqg Grz +4<<8, +zdjh dqg sulfh vhsdudwho|,/
Ehqdvv| +4<<8, +zdjh, dqg Ehdxgu| dqg Ghyhuhx{ +4<<8, +sulfh,1 Doo ri wkhvh dxwkruv dvvxph
vhuldoo| fruuhodwhg surgxfwlylw| dqg prqh| jurzwk vkrfnv1 Pxowlshulrg ryhuodsslqj frqwudfwv duh
frqvlghuhg e| Nlqj +4<<4, +sulfh dqg zdjh, dqg Fkr dqg Frroh| +4<<8, +zdjh,1

7Wkh rwkhu pdmru h{sodqdwlrq lv wkdw hyhq zlwkrxw qrplqdo vwlfnlqhvv wkhuh pd| eh pxowlsoh
+Sduhwr udqndeoh, htxloleuld/ vr wkhuh pd| eh d �frruglqdwlrq sureohp1�
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lq prvw li qrw doo rwkhu prghov/ lv dg krf1 Qrqhwkhohvv/ wklv sdudgljp uhsuhvhqwv d
vwhs iruzdug ehfdxvh lw surylghv d sodxvleoh ghvfulswlrq ri krz djhqwv pljkw ehkdyh
li qrplqdo vwlfnlqhvv lv dvvxphg1 Lq sduwlfxodu/ xqghu wklv sdudgljp zlwklq d udqjh lw
lv sur�wdeoh iru �upv wr surgxfh pruh rxwsxw dqg iru zrunhuv wr vxsso| pruh oderu
li wkh ghpdqg iru rxwsxw wxuqv rxw wr eh kljkhu wkdq h{shfwhg1

Prghov olnh rxuv wkdw lqfrusrudwh qrplqdo vwlfnlqhvv dqg wkh qhz sdudgljp duh
surshuo| ylhzhg dv h{whqvlrqv ri hduolhu �glvhtxloleulxp prghov/� ehfdxvh erwk fodvvhv
ri prghov uhtxluh vshfl�fdwlrqv ri krz djhqwv ehkdyh lq wkh suhvhqfh ri dg krf qrplqdo
uljlglwlhv18 Wkh forvh frqqhfwlrq ehwzhhq wrgd|*v dqg hduolhu glvhtxloleulxp prghov
lv sduwlfxoduo| reylrxv lq wkh vlpsoh prgho ri wklv sdshu1 Lq rughu wr hpskdvl}h
wklv frqqhfwlrq/ zh fkrrvh wkh prgl�hu �qrwlrqdo� iru wkh yhuvlrq ri rxu prgho zlwk
 h{leoh zdjhv dqg sulfhv1

Wkh uhodwlyh dwwudfwlyhqhvv ri dowhuqdwlyh prqhwdu| srolf| uhdfwlrq ixqfwlrqv gh0
shqgv erwk rq wkh w|sh ri vkrfn wkdw klwv wkh hfrqrp| dqg rq wkh w|sh ri qrplqdo
vwlfnlqhvv wkdw h{lvwv lq wkh hfrqrp|1 Zh frqvlghu wkuhh nlqgv ri vkrfnv= prqh|
ghpdqg vkrfnv/ jrrgv ghpdqg vkrfnv/ dqg surgxfwlylw| vkrfnv1 Doo ri wkhp duh lq0
foxghg lq wkh vshfl�fdwlrq ri wkh prgho iurp wkh rxwvhw udwkhu wkdq ehlqj �wdfnhg
rq� dw vrph odwhu vwdjh ri wkh dqdo|vlv1 Ixuwkhupruh/ doo ri wkhp duh vkrfnv wr wkh
�whfkqrorj|� wkdw frqvwudlqv wkh rswlpl}dwlrq ri djhqwv qrw wr wkh �wdvwhv� ri wkh
djhqwv/ vr/ lq sulqflsoh/ wkh h�hfwv ri wkhvh vkrfnv xqghu dowhuqdwlyh w|shv ri wdujhwlqj
fdq eh frpsduhg xvlqj wkh xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw1

Zh frqvlghu wkuhh w|shv ri rqh0shulrg qrplqdo vwlfnlqhvv= zdjh vwlfnlqhvv/ zdjh
dqg sulfh vwlfnlqhvv/ dqg sulfh vwlfnlqhvv1 Lq dgglwlrq/ lq vroylqj iru wkh udwlrqdo
h{shfwdwlrqv htxloleulxp ri wkh prgho zh frqvlghu zkdw kdsshqv zkhq zdjhv dqg
sulfhv duh shuihfwo|  h{leoh1

Lq wklv sdshu zh udqn gl�huhqw w|shv ri wdujhwlqj iru d jlyhq yduldeoh dqg d jlyhq
w|sh ri vkrfn1 Zh vd| wkdw d jlyhq w|sh ri wdujhwlqj lv �ehwwhu� wkdq vrph rwkhu
w|sh iru d jlyhq yduldeoh dqg d jlyhq w|sh ri vkrfn li wkh ghyldwlrq ri wkh jlyhq
yduldeoh iurp lwv wdujhw ydoxh iru wkh jlyhq w|sh ri vkrfn lv ohvv zlwk wkh jlyhq w|sh ri
wdujhwlqj/ dqg zh xvh wkh v|pero �"� wr uhsuhvhqw wkh zrugv �lv ehwwhu wkdq1� Wklv
zd| ri udqnlqj uhjlphv idflolwdwhv frpsdulvrq ri rxu uhvxowv zlwk wkrvh iurp prvw ri
wkh h{lvwlqj vwdelol}dwlrq olwhudwxuh1 Dq dwwudfwlyh dowhuqdwlyh zd| ri udqnlqj uhjlphv
iru gl�huhqw vkrfnv lv wr xvh wkh xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw19

5 Wkh Qrwlrqdo Prgho
Lq wklv vhfwlrq zh frqvlghu wkh qrwlrqdo prgho wkdw lv xvhg dv wkh srlqw ri ghsduwxuh
iru rxu dqdo|vlv ri prqhwdu| srolf|pdnlqj zlwk qrplqdo vwlfnlqhvv1 Wklv prgho ghwhu0

8Sdwlqnlq lv dprqj wkh �uvw wr xvh d glvhtxloeulxp prgho/ dqg Forzhu lv erwk dq lpsruwdqw
ghyhorshu ri vxfk prghov dqg d shuvxdvlyh dgyrfdwh ri wkhlu xvh1 Eduur dqg Jurvvpdq surylgh dq
hduo| v|vwhpdwlf dqdo|vlv ri wkhvh prghov1 Rwkhu lpsruwdqw frqwulexwruv wr wkh dqdo|vlv ri glvhtxl0
oleulxp prghov duh Ehqdvv|/ Judqgprqw/ Khqlq/ Pdolqydxg/ Qhjlvkl/ dqg Sruwhv1 Flwdwlrqv iru wkh
frqwulexwlrqv phqwlrqhg exw qrw flwhg lq wklv qrwh fdq eh irxqg lq Txdqgw +4<;:,

9Fodulgd/ Jdol/ dqg Jhuwohu +4<<:, flwh vhyhudo vwxglhv wkdw xvh wklv dssurdfk1
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plqhv wkh dfwlrqv wkdw djhqwv zrxog wdnh li zdjhv dqg sulfhv zhuh shuihfwo|  h{leoh1
Yduldeohv duh gh�qhg lq Wdeoh 41 H{fhsw iru wkh lqwhuhvw udwh/ wkh lq dwlrq udwh/ dqg
wkh prqh| jurzwk udwh/ odujh ohwwhuv vwdqg iru wkh ohyhov ri yduldeohv dqg vpdoo ohwwhuv
iru wkh ghyldwlrqv ri orjdulwkpv ri yduldeohv iurp wkhlu xqfrqglwlrqdo h{shfwhg ydoxhv1
Wlph vxevfulswv duh vxssuhvvhg h{fhsw zkhq wkh| duh qhhghg iru fodulw|1

Wdeoh 4= Gh�qlwlrqv ri Yduldeohv
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jlyhv lwv uhodwlyh sulfh dv d ghfuhdvlqj ixqfwlrq ri lwv uhodwlyh rxwsxw1 Wr pd{lpl}h
sur�wv d �up pxvw kluh oderu xs wr wkh srlqw dw zklfk wkh pdujlqdo ydoxh surgxfw ri
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;Wkdw lv/ zh dvvxph iru vlpsolflw| wkdw wkhuh duh qr idfwruv ri surgxfwlrq rwkhu wkdq oderu dqg

qr �{hg frvwv1 Nlp +4<<:d, vkrzv wkdw rxu irupxodwlrq fdq eh ylhzhg dv d prgho zlwk fdslwdo lq
zklfk wkh pdujlqdo dgmxvwphqw frvw iru wkh �uvw xqlw ri qhw lqyhvwphqw dssurdfkhv lq�qlw|1 Nlp
+4<<:f, h{soruhv wkh lpsolfdwlrqv ri doorzlqj iru �{hg frvwv1

<Wklv lqyhuvh ghpdqg ixqfwlrq uh hfwv wkh ehkdylru ri krxvhkrogv zklfk pd{lpl}h xwlolw| jlyhq
uhodwlyh sulfhv1
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�

wk ri djjuhjdwh sur�wv1 Dffruglqj wr htxdwlrq
+43,/ wkh frqvxpswlrq uhdol}dwlrq ghshqgv srvlwlyho| rq frqvxpswlrq h{shqglwxuh
dqg uhdo edodqfhv dqg qhjdwlyho| rq wkh prqh| ghpdqg vkrfn dqg wkh jrrgv ghpdqg
vkrfn1 Hdfk krxvhkrog lv d prqrsvrqlvwlfdoo| frpshwlwlyh vxssolhu ri lwv xqltxh oderu
lqsxw1 Wkh lqyhuvh ghpdqg ixqfwlrq iru lwv oderu/ htxdwlrq +44,/ jlyhv lwv uhodwlyh
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zdjh dv d ghfuhdvlqj ixqfwlrq ri lwv uhodwlyh oderu lqsxw143 Zh lpsrvh wkh iroorzlqj
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�
|
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�c|

'
w

�V3�
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#
� �

�c|

�
|

�V

�c|

�

Y
k/w

$
� +4:,

Khuhdiwhu/ zh rplw | vxevfulswv h{fhsw zkhq wkh| duh qhhghg iru fodulw|1 Vlqfh ?
�

' �/

(
�

' (c u
�

' uc Yu
�

' Yuc �
�

' �c `
�

' `c A
�

' Ac +4;,

�
�

' �c �
�

' �c X
k

' Xc Y
k

' Yc #
�

' #�

43Wklv lqyhuvh ghpdqg ixqfwlrq uh hfwv wkh ehkdylru ri �upv zklfk pd{lpl}h sur�wv jlyhq uhodwlyh
zdjhv1

44Fk dqg S duh gh�qhg dv Fk @

�S
qi

i@4

�
F
ik

� 4

�
\

�
�\

dqg S @

�S
qi

i@4

�
S
i

� �4

�
\
�4

�
�+�\�4,

/

uhvshfwlyho|1 Wkh h{suhvvlrq iru Gw lq htxdwlrq +43, kdv wkh surshuwlhv wkdw

olp
P
w

S
w

$3

Gw A 3> olp
P
w

S
w

$4

Gw A Fw> dqg olp
P
w

S
w
F
�

w

$
�

Y

Gw A +4� �,Fw>

Dqrwkhu sodxvleoh vshfl�fdwlrq ri wkh uhodwlrqvkls ehwzhhq Fw dqg Gw wkdw kdv wkh vdph surshuwlhv
li � @ d@+4 . e, lv

G
w @ Fw

%
4� d

�
4 . e

P
w

SwF�

w

4

Yw

�
�4

&
� �GX

w=

Zh fkrvh wkh vshfl�fdwlrq lq wkh wh{w iru vlpsolflw|1 Dqrwkhu zd| ri wdnlqj dffrxqw ri wudqvdfwlrqv
frvwv zrxog eh wr vxewudfw wkhp iurp rxwsxw surgxfhg lq rughu wr rewdlq wkh rxwsxw dydlodeoh iru
xvh e| djhqwv1

8



Wkhuhiruh/ wkh �djjuhjdwh �uvw0rughu frqglwlrqv� duh

f '
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� #c +4<,
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�
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�
u
Yu
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#

�
u

`

�
c +55,

zkhuh

(
�
' �� w i T

�
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��V

�

Y

�
� Vw

�

��V

�

Y
i T

�
� �

��V

�

Y

�
c +56,

�(
�

'
w

�V3�Y
i T

�
� �

��V

�

Y

�
� +57,

Wkh htxdolwlhv lq +4;, lpso| wkdw �Y ' H
�

�

��
V

�
/ vr wkh orjdulwkplf gl�huhqwldov ri

(
�
/ (

�
/ dqg (j duh

g(
�
'

w

e� w � Vw
E6� R� VS� y� c +58,

g�(
�

' S�6n Rc +59,

g(j '
e� w � Vw

e� w
jS n

w

e� w
j E6� R� y�� jXc +5:,

Xvlqj +4<, wr holplqdwh # lq +55, |lhogv d �oderu vxsso|� htxdwlrq zlwk wkh orjdulwkplf
dssur{lpdwlrq

�, ' �BS� l E6� R� y� n jXn E� � R� c +5;,

dqg xvlqj +4<, iru wrgd| dqg wkh h{shfwdwlrq ri +4<, iru wrpruurz edvhg rq wrgd|*v
lqirupdwlrq wr holplqdwh #

�
dqg H

�
#
n�

�n�

�
lq +54, |lhogv d frqvxpswlrq Hxohu htxdwlrq

zlwk wkh orjdulwkplf dssur{lpdwlrq

BSnl E6� R� y��jX ' BSn��nl
�
6n� � Rn�� � y.4�

�
�

�
�
|
� Zn��

�
�jX.4�c +5<,

zkhuh wkh vxevfulswn�m dwwdfkhg wr d yduldeoh lqglfdwhv wkh h{shfwdwlrq ri wrpruurz*v
ydoxh ri wkdw yduldeoh edvhg rq wrgd|*v lqirupdwlrq1 Lq htxdwlrqv +5;, dqg +5<,

B '

#
e� w � Vw

e� w

$
j n

Vw

e� w � Vw
' j n

Vw

e� w

#
e� w

e� w � Vw
� j

$
c +63,

l '

#
w

e� w

$
j � w

e� w � Vw
'

#
w

e� w

$#
j � e� w

e� w � Vw

$
�

Wr vlpsoli| wkh dqdo|vlv dqg wr idflolwdwh frpsdulvrq ri rxu uhvxowv zlwk wkrvh iurp
wkh pdq| prghov lq zklfk wkh xwlolw| ixqfwlrq lv dgglwlyho| vhsdudeoh lq frqvxpswlrq

9



dqg uhdo edodqfhv/ zh irfxv rq wkh vshfldo fdvh ri rxu prgho lq zklfk e3w

e3w3Vw
� j ' f

vr wkdw B ' j dqg l ' f145 Lq wklv vshfldo fdvh/ wkh orjdulwkplf dssur{lpdwlrqv ri wkh
oderu vxsso| dqg frqvxpswlrq Hxohu htxdwlrqv ehfrph/ uhvshfwlyho|/

�, ' �jSn L n E� � R� c +64,

jS� L ' jSn�� �
�
�� Zn��

�
� Ln��c +65,

zkhuh jX ' L 1 Lqwhusuhwlqj � dv wkh prqh| vxsso| dqg xvlqj +54, wr holplqdwh
H
�
#
n�

�n�

�
lq +53, dqg +4<, wr holplqdwh #

�
lq wkh uhvxowlqj htxdwlrq |lhog dq htxdwlrq

iru prqh| pdunhw htxloleulxp zlwk wkh orjdulwkplf dssur{lpdwlrq46

6� R ' �S� 0�n �c +66,

zkhuh

� '
e� w

e� Vw
c

0 '
q

E�� q�

e� w � Vw

e� Vw
c +67,

� '

#
w

e� Vw

$
y�

516 �Ilvfdo� Srolf|

Lq uhfhqw |hduv lw kdv ehhq uhfrjql}hg wkdw ��vfdo� srolf| dqg �prqhwdu|� srolf| duh
lqwhuuhodwhg lq wkh vhqvh wkdw dvvxpswlrqv derxw wkh sdwkv ri jryhuqphqw vshqglqj
dqg wd{hv kdyh lpsolfdwlrqv iru zklfk �prqhwdu|� srolflhv duh ihdvleoh dqg iru wkh
h�hfwv ri gl�huhqw ihdvleoh prqhwdu| srolflhv147 Wkh lqwhudfwlrq ehwzhhq ��vfdo� srolf|
dqg �prqhwdu|� srolf| lv dq lqwhuhvwlqj dqg lpsruwdqw wrslf1 Krzhyhu/ lw lv qrw wkh
wrslf ri wklv sdshu1 Wkhuhiruh/ zh lpsrvh vrph vlpsoh dvvxpswlrqv derxw wkh sdwkv
ri jryhuqphqw vshqglqj dqg wd{hv xqghu zklfk zh fdq vwxg| dowhuqdwlyh prqhwdu|
srolf| uhdfwlrq ixqfwlrqv1 Lq sduwlfxodu/ zh dvvxph wkdw wkh jryhuqphqw exgjhw lv
edodqfhg shulrg e| shulrg dqg wkdw uhdo jryhuqphqw vshqglqj lv dozd|v }hur=48

Cn
�
3��3�

�
� A ' f +68,

C ' f +69,
45Wklv frqglwlrq fdq eh phw rqo| li � lv juhdwhu wkdq 4/ exw qrw �wrr odujh1�
46Lq rxu prgho wkh �dfwlylw| yduldeoh� lq wkh prqh| ghpdqg ixqfwlrq lv frqvxpswlrq1 Lw lv srvvleoh

wr frqvwuxfw prghov lq zklfk wkh dfwlylw| yduldeoh lv rxwsxw1 Lw grhv qrw pdwwhu zklfk vshfl�fdwlrq
lv fkrvhq lq rxu prgho zlwk qr lqyhvwphqw ru jryhuqphqw vshqglqj/ exw dv vkrzq e| Hufhj +4<<:,
lw fdq pdwwhu lq d prgho zlwk fdslwdo dffxpxodwlrq1

47Eu|dqw +4<;3, dqg Vdujhqw dqg Zdoodfh +4<;4, fdoo dwwhqwlrq wr wkh lpsruwdqfh ri wkh lqwhuuh0
odwlrqvkls ehwzhhq ��vfdo� srolf| dqg �prqhwdu|� srolf|1 Ohhshu +4<<4,/ Vlpv +4<<7,/ Zrrgirug
+4<<9,/ dqg Fdq}rqhul dqg Gled +4<<:, pdnh vljql�fdqw dgydqfhv lq wkh dqdo|vlv ri wklv uhodwlrqvkls1

48Zh dvvxph wkdw wkh h{shfwhg udwh ri lq dwlrq/ wkh vroxwlrq iru lq dwlrq lq wkh qrwlrqdo prgho
zkhq doo vkrfnv wdnh rq wkhlu phdq ydoxhv/ lv htxdo wr }hur1 Wkh dqdo|vlv frxog eh prgl�hg wr doorz
iru d qrq}hur h{shfwhg udwh ri lq dwlrq1 Li wkh h{shfwhg udwh ri udwh ri lq dwlrq zhuh srvlwlyh/ wkh
h{shfwhg jryhuqphqw gh�flw zrxog kdyh wr eh srvlwlyh1

:



517 �Prqhwdu|� Srolf|

Dv vwdwhg lq wkh lqwurgxfwlrq/ �prqhwdu|� srolf| lv fkdudfwhul}hg e| rqh ru dqrwkhu
prqhwdu| srolf| uhdfwlrq ixqfwlrq1 Zh dvvxph wkurxjkrxw wkdw wkh lqwhuhvw udwh lv
wkh lqvwuxphqw ri prqhwdu| srolf|1 Zh frqvlghu wzr �jhqhudo� vshfl�fdwlrqv iru d
prqhwdu| srolf| uhdfwlrq ixqfwlrq= d �ohyhov� uhdfwlrq ixqfwlrq dqg d �frpelqdwlrq�
uhdfwlrq ixqfwlrq1 Rxu uhdvrqv iru qdplqj wkh wzr uhdfwlrq ixqfwlrqv dv zh gr vkrxog
eh fohdu diwhu zh ghvfuleh wkhp1 Doprvw doo frpprqo| frqvlghuhg vshfl�fdwlrqv ri
prqhwdu| srolf| duh vshfldo fdvhv ri wkhvh uhdfwlrq ixqfwlrqv1 Zh uhihu wr wkh prgho
zlwk wkh ohyhov uhdfwlrq ixqfwlrq dv wkh �ohyhov prgho� dqg wkh prgho zlwk wkh frp0
elqdwlrq uhdfwlrq ixqfwlrq dv wkh �frpelqdwlrq prgho1�

Wkh ohyhov uhdfwlrq ixqfwlrq lv

U
7U
' \

�
�
7�
c
t
7t
c
�
7�

�
c +6:,

zkhuh 7� lv wkh wdujhw sulfh ohyho> 7t lv h{shfwhg rxwsxw/ wkh vroxwlrq iru rxwsxw lq
wkh qrwlrqdo prgho zkhq doo vkrfnv wdnh rq wkhlu phdq ydoxhv> 7U lv wkh jurvv qrplqdo
lqwhuhvw udwh frqvlvwhqw zlwk wkh sulfh ohyho dqg rxwsxw ehlqj frqvwdqw dw wkhlu wdujhw
dqg h{shfwhg ydoxhv/ uhvshfwlyho|> dqg 7� lv wkh wdujhw ohyho ri wkh prqh| vxsso|/ wkh
ohyho ri wkh prqh| vxsso| wkdw lv frqvlvwhqw zlwk � / t / dqg U ehlqj htxdo wr 7� / 7t /
dqg 7U/ uhvshfwlyho|�49 4:

Wkh orjolqhdul}hg yhuvlrq ri wkh ohyhov uhdfwlrq ixqfwlrq lv4;

� ' b
6

6n b
+

+ n b
R

R� +6;,

Wkh �qrplqdo dqfkruv� lq wkh ohyhov prgho duh prqh| vxsso| dqg wkh sulfh ohyho1
Dv lv vkrzq lq Dsshqgl{ D/ wkh ohyhov prgho kdv d xqltxh vroxwlrq rqo| li wkh vxp
ri wkh uhvsrqvhv ri wkh lqwhuhvw udwh wr ghyldwlrqv ri wkhvh qrplqdo dqfkruv iurp
wkhlu wdujhw ydoxhv h{fhhgv }hur/ wkdw lv/ rqo| li b

6

n b
R

: f1 Zh irfxv rq vhyhudo
w|shv ri wdujhwlqj wkdw duh vshfldo fdvhv ri wkh ohyhov uhdfwlrq ixqfwlrq1 Sulfh ohyho
wdujhwlqj/ rxwsxw wdujhwlqj lq wkh ohyhov fdvh/ qrplqdo lqfrph +rxwsxw, wdujhwlqj/

49Zh dvvxph wkdw wkh wdujhw ydoxh ri wkh sulfh ohyho lv frqvwdqw dqg htxdo wr rqh iru vlpsolflw|1
Lw lv vwudljkwiruzdug wr jhqhudol}h wkh dqdo|vlv wr wkh fdvh lq zklfk wkh wdujhw ydoxh lqfuhdvhv dw
d frqvwdqw udwh ryhu wlph/ dqg �L uh hfwv wkdw udwh ri lqfuhdvh1 Wkh hvvhqwldo ihdwxuh ri sulfh ohyho
wdujhwlqj lv wkdw wkh prqhwdu| srolf| pdnhu wulhv wr pryh wrgd|*v sulfh ohyho wrzdug d suhvshfl�hg
wdujhw ydoxh qr pdwwhu zkdw wkh ydoxh ri |hvwhugd|*v sulfh ohyho1

4: �O/ wkh vroxwlrq iru oderu lq wkh qrwlrqdo prgho zkhq doo glvwxuedqfhv wdnh rq wkhlu phdq ydoxhv/
lv jlyhq e|

�O @
�
+4� �, �[4��

� 4

".�.+4��,� �O
"

".�.+4��,�
=

Lw iroorzv wkdw �O $ �O dv " $ 4=
4;Zh gr qrw doorz iru sxuho| h{rjhqrxv fkdqjhv lq wkh lqwhuhvw udwh1 Li zh glg wkh uhdfwlrq ixqfwlrq

zrxog eh

l @ �
p

p. �
|

| . �
s

s. i=

zkhuh/ iru h{dpsoh/ i lv dq l1l1g1 vkrfn1

;



dqg prqh| vwrfn wdujhwlqj duh olplwlqj fdvhv lq zklfk wkh uhvsrqvh ri wkh lqwhuhvw
udwh wr ghyldwlrqv iurp wdujhw lq R/ +/ R n +/ dqg 6/ uhvshfwlyho|/ dssurdfk lq�qlw|1
�Lqwhuhvw udwh wdujhwlqj� lv d vkruwkdqg zd| ri uhihuulqj wr wkh olplwlqj fdvh lq zklfk
wkh uhvsrqvhv ri wkh lqwhuhvw udwh lqvwuxphqw wr fkdqjhv lq6/ R/ dqg + dssurdfk }hur1

Wkh frpelqdwlrq uhdfwlrq ixqfwlrq lv

U
7U
' K

�
�
7�
c
t
7t
c
P
P

�
c +6<,

zkhuh 7� lv wkh wdujhw jurvv udwh ri lq dwlrq> 7t lv h{shfwhg rxwsxw/ wkh vroxwlrq iru
rxwsxw lq wkh qrwlrqdo prgho zkhq doo vkrfnv wdnh rq wkhlu phdq ydoxhv> 7U lv wkh
jurvv qrplqdo lqwhuhvw udwh frqvlvwhqw zlwk wkh jurvv lq dwlrq udwh dqg rxwsxw ehlqj
frqvwdqw dw wkhlu wdujhw dqg h{shfwhg ydoxhv/ uhvshfwlyho|> dqg P lv wkh wdujhw jurvv
udwh ri jurzwk ri prqh|/ wkh udwh ri jurzwk ri prqh| wkdw lv frqvlvwhqw zlwk �/ t /
dqg U ehlqj htxdo wr 7�/ 7t / dqg 7U/ uhvshfwlyho|�4<

Wkh orjolqhdul}hg yhuvlrq ri wkh frpelqdwlrq uhdfwlrq ixqfwlrq lv

� ' �
>

>n �
+

+ n �
Z

Z� +73,

Wkh qrplqdo dqfkruv lq wkh frpelqdwlrq prgho duh wkh prqh| jurzwk udwh dqg wkh
lq dwlrq udwh1 Dv lv vkrzq lq Dsshqgl{ D/ wkh frpelqdwlrq prgho kdv d xqltxh
vroxwlrq rqo| li wkh vxp ri wkh uhvsrqvhv ri wkh lqwhuhvw udwh wr ghyldwlrqv ri wkhvh
qrplqdo dqfkruv iurp wkhlu wdujhw ydoxhv h{fhhgv xqlw|/ wkdw lv/ rqo| li �

>

n�
Z

: �1 Zh
irfxv rq vhyhudo w|shv ri wdujhwlqj wkdw duh vshfldo fdvhv ri wkh frpelqdwlrq uhdfwlrq
ixqfwlrq1 Lq dwlrq wdujhwlqj/ rxwsxw wdujhwlqj lq wkh frpelqdwlrq fdvh/ lq dwlrq
soxv rxwsxw wdujhwlqj/ dqg prqh| jurzwk wdujhwlqj duh olplwlqj fdvhv lq zklfk wkh
uhvsrqvh ri wkh lqwhuhvw udwh wr ghyldwlrqv iurp wdujhw lq Z/ +/ Zn+/ dqg >/ uhvshfwlyho|/
dssurdfk lq�qlw|1 Zlwk wkh frpelqdwlrq uhdfwlrq ixqfwlrq wkhuh lv qr vhqvleoh olplwlqj
fdvh wkdw fdq eh wkrxjkw ri dv �lqwhuhvw udwh wdujhwlqj1�

Doorzlqj �
>

wr eh srvlwlyh lqvwhdg ri }hur frpsolfdwhv wkh dqdo|vlv vxevwdqwldoo|1
Krzhyhu/ lw lv lpsruwdqw wr frqvlghu wklv fdvh ehfdxvh pdq| dqdo|vwv kdyh vxjjhvwhg
wkdw > vkrxog eh lqfoxghg lq wkh prqhwdu| srolf| uhdfwlrq ixqfwlrq dqg ehfdxvh wkh
fdvh ri �

>

$ 4 lv d vwdqgdug fdvh lq wkh wkhruhwlfdo olwhudwxuh rq prqhwdu| srolf| lq
rswlpl}lqj prghov153

518 Htxloleulxp

Lq wklv vxevhfwlrq zh glvfxvv htxloleulxp lq wkh ohyhov prgho dqg lq wkh frpelqdwlrq
prgho1 Zh dvvxph wkdw wkh vkrfnv duh l1l1g1

4<Zh dvvxph wkdw wkh wdujhw jurvv lq dwlrq udwh lv rqh ru/ htxlydohqwo|/ wkdw wkh wdujhw lq dwlrq
udwh lv }hur iru vlpsolflw|1 Lw lv vwudljkwiruzdug wr jhqhudol}h wkh dqdo|vlv wr wkh fdvh lq zklfk wkh
wdujhw lq dwlrq udwh lv srvlwlyh/ dqg �L uh hfwv wkdw srvlwlyh wdujhw udwh1 Wkh hvvhqwldo ihdwxuh ri
lq dwlrq wdujhwlqj lv wkdw wkh prqhwdu| srolf| pdnhu wulhv wr pryh wrgd|*v sulfh ohyho wrzdug d ohyho
wkdw ghshqgv rq |hvwhugd|*v sulfh ohyho1

53Fkr +4<<6,/ Fkr dqg Frroh| +4<<8,/ dqg Ehqdvv| +4<<8, dvvxph wkdw wkh prqh| jurzwk udwh lv
h{rjhqrxv1 Krzhyhu/ Ohhshu +4<<4,/ Vlpv +4<<7,/ Zrrgirug +4<<9,/ dqg Nlp +4<<:e, dvvxph wkdw
prqhwdu| srolf| lv jryhuqhg e| uhdfwlrq ixqfwlrqv vlplodu wr vrph ri wkrvh frqvlghuhg lq wklv sdshu1

<



Wdeoh 5= Wkh Qrwlrqdo Prghov

+ ' E�� k� , n % surgxfwlrq ixqfwlrq W504
R� � ' k, � % oderu ghpdqg W505
� � R ' �, n j+ � L oderu vxsso| W506
j+ ' �d�� ER

n��
� R�o n L n j+

n��
� L

n��
djjuhjdwh ghpdqg W507

6 ' Rn �+ � 0� n � prqh| pdunhw htxloleulxp W508

� ' b
6

6n b
+

+ n b
R

R ohyhov uhdfwlrq ixqfwlrq W509

� ' �
>

>n �
+

+ n �
Z

Z frpelqdwlrq uhdfwlrq ixqfwlrq W50:
Z ' R� R

3�
lq dwlrq gh�qlwlrq W50;

> ' 6�6
3�

prqh| jurzwk gh�qlwlrq W50<

Wdeoh 5 frqwdlqv wkh htxdwlrqv wkdw irup wkh edvlv ri rxu dqdo|vlv1 Wkh qrwlrqdo
ohyhov prgho frpsulvhv htxdwlrqv +W504, 0 +W509,/ dqg wkh qrwlrqdo frpelqdwlrq prgho
frpsulvhv htxdwlrqv +W504, 0 +W508, dqg htxdwlrqv +W50:, 0 +W50<,1 Htxdwlrq +W504,
lv wkh orjolqhdul}hg yhuvlrq ri wkh surgxfwlrq ixqfwlrq +9,1 Htxdwlrq +W505, lv wkh
orjolqhdul}hg yhuvlrq ri wkh qhjdwlyh ri wkh oderu ghpdqg htxdwlrq +:,1 Vlqfh zh
dvvxph wkdw jryhuqphqw vshqglqj lv htxdo wr }hur/ frqvxpswlrq ghpdqg lv htxdo wr
rxwsxw ghpdqg=

� ' t� +74,

Wkhuhiruh/ zkhuhyhu � dsshduv lq wkh djjuhjdwh �uvw rughu frqglwlrqv iru krxvhkrogv
zh uhsodfh lw zlwk t 1 Zkhq zh iroorz wklv surfhgxuh/ htxdwlrq +64, |lhogv htxdwlrq
+W506,/ wkh qhjdwlyh ri wkh oderu vxsso| ixqfwlrq> htxdwlrq +65, |lhogv htxdwlrq +W50
7,/ wkh �djjuhjdwh ghpdqg ixqfwlrq>� dqg htxdwlrq +66, |lhogv htxdwlrq +W508,/ wkh
prqh| pdunhw htxloleulxp frqglwlrq1 Wkh ohyhov uhdfwlrq ixqfwlrq/ htxdwlrq +6;,/
lv uhzulwwhq dv htxdwlrq +W509,/ dqg wkh frpelqdwlrq uhdfwlrq ixqfwlrq/ htxdwlrq
+73,/ lv uhzulwwhq dv +W50:,1 Htxdwlrqv +W50;, dqg +W50<, duh lq dwlrq dqg prqh|
jurzwk gh�qlwlrqv/ uhvshfwlyho|1 Wkh htxdwlrqv lq Wdeoh 5 frqwdlq wkh h{shfwhg ydoxhv
ri ixwxuh vkrfnv dqg hqgrjhqrxv yduldeohv/ vr wkh| fdq eh xvhg wr ghwhuplqh wkh
htxloleulxp ydoxhv iru wrgd|*v yduldeohv rqo| diwhu wkhvh h{shfwhg ydoxhv kdyh ehhq
ghwhuplqhg1 Zh h{sodlq wkh ghwhuplqdwlrq ri wkh h{shfwhg ydoxhv ri ixwxuh vkrfnv
dqg hqgrjhqrxv yduldeohv lq Dsshqgl{ D1

6 Wkh Prgho zlwk Zdjh Vwlfnlqhvv
Lq wklv vhfwlrq/ zh glvfxvv wkh prgho zlwk zdjh vwlfnlqhvv1 Zh frqvlghu wkh ohyhov
prgho dqg wkh frpelqdwlrq prgho vhsdudwho|1 Lq erwk prghov qrwlrqdo oderu vxsso|
lv xvhg lq ghwhuplqlqj frqwudfw zdjhv1 Iru vlpsolflw|/ zh dvvxph wkdw qrwlrqdo oderu
vxsso| lv shuihfwo| lqhodvwlf +� $ 4�� Xqghu wklv dvvxpswlrq/ qdwxudo hpsor|phqw/
wkh ohyho ri hpsor|phqw ghwhuplqhg e| wkh qrwlrqdo prgho jlyhq vkrfnv lv d frqvwdqw/
vr lw lv hdvlhu wr hydoxdwh wkh uhodwlyh shuirupdqfh ri wkh dowhuqdwlyh vshfldo fdvhv ri
wkh uhdfwlrq ixqfwlrqv1
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614 Wkh Ohyhov Uhdfwlrq Ixqfwlrq

61414 Wkh Ixoo Ohyhov Prgho

Wkh ohyhov prgho zlwk zdjh vwlfnlqhvv lv rewdlqhg e| dvvxplqj wkdw wkhuh duh rqh0
shulrg zdjh frqwudfwv dqg wkdw sulfhv duh shuihfwo|  h{leoh1 Wrgd| hdfk krxvhkrog dqg
doo �upv djuhh rq d qrplqdo zdjh iru wkdw krxvhkrog edvhg rq lqirupdwlrq dydlodeoh dv
ri |hvwhugd|/ dqg hdfk krxvhkrog djuhhv wr vxsso| zkdwhyhu dprxqw ri lwv oderu �upv
zdqw dw lwv frqwudfw zdjh1 Wkh qrplqdo zdjh iru hdfk krxvhkrog lv vhw vr wkdw wkh
pdujlqdo glvxwlolw| ri oderu iru wkdw krxvhkrog lv htxdo wr wkh pdujlqdo ydoxh surgxfw
ri wkdw krxvhkrog*v oderu1 Wkh qrwlrqdo oderu vxsso| vfkhgxoh lv xvhg dorqj zlwk doo
wkh rwkhu htxdwlrqv ri wkh qrwlrqdo ohyhov prgho lq vhwwlqj wkh qrplqdo zdjh/ exw lw
lv rplwwhg iurp wkh ixoo ohyhov prgho zlwk zdjh vwlfnlqhvv1

Lq sduwlfxodu/ wrgd|*v qrplqdo zdjh lv ghwhuplqhg e| wdnlqj h{shfwdwlrqv ri wkh
qrwlrqdo ohyhov prgho lq Wdeoh 5 zlwk � $ 4 edvhg rq |hvwhugd|*v lqirupdwlrq dqg
vhwwlqj wkh qrplqdo zdjh htxdo wr wkh h{shfwhg qrplqdo zdjh1 Zlwk rqh0shulrg zdjh
frqwudfwv/ l1l1g1 vkrfnv/ dqg ixo�oophqw ri wkh frqglwlrqv iru d xqltxh htxloleulxp lq
wkh ohyhov prgho/ lw lv vkrzq lq Dsshqgl{ D wkdw

+
�3�

' ,
�3�

' %
�3�

' �
�3�

' R
�3�

' L
�3�

' 6
�3�

' �
�3�

' �
�3�

' fc +75,

R
n��3�

' +
n��3�

' L
n��3�

' fc

zkhuh wkh vxevfulswv m �� dqg n� m �� lqglfdwh/ uhvshfwlyho|/ wkh h{shfwdwlrq ri
d yduldeoh gdwhg wrgd| edvhg rq |hvwhugd|*v lqirupdwlrq dqg wkh h{shfwdwlrq ri d
yduldeoh gdwhg wrpruurz edvhg rq |hvwhugd|*v lqirupdwlrq1 Lw iroorzv wkdw

� ' �
�3�

' fc +76,

Wkh ixoo ohyhov prgho zlwk zdjh vwlfnlqhvv lv vkrzq lq Wdeoh 61 Lw lv rewdlqhg e|
ehjlqqlqj zlwk wkh qrwlrqdo ohyhov prgho lq Wdeoh 5/ gursslqj wkh htxdwlrq iru qrwlrqdo
oderu vxsso|/ dqg pdnlqj xvh ri wkh lqirupdwlrq lq +75, dqg +76,1 Zkhqhyhu wkh
qrwlrqdo oderu vxsso| ixqfwlrq lv ohiw rxw ri wkh prgho zlwk qrplqdo vwlfnlqhvv dv lw lv
lq erwk wkh ohyhov dqg frpelqdwlrq prghov zlwk erwk zdjh vwlfnlqhvv dqg zdjh dqg
sulfh vwlfnlqhvv/ wkh vroxwlrq ri wkh prgho zlwk qrplqdo vwlfnlqhvv grhv qrw ghshqg
rq wkh ydoxh ri �1

Wdeoh 6= Ixoo Ohyhov Prgho zlwk Zdjh Vwlfnlqhvv

+ ' E�� k� , n % surgxfwlrq ixqfwlrq W604
R� � ' k, � % oderu ghpdqg W605
� ' f zdjh vhwwlqj W606
j+ ' �E� n R� n L djjuhjdwh ghpdqg W607
6 ' Rn �+ � 0� n � prqh| pdunhw htxloleulxp W608
� ' b

6

6n b
+

+ n b
R

R uhdfwlrq ixqfwlrq W609
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61415 Wkh Vfkhgxohv dqg d Uhodwlrq iru wkh Ohyhov Prgho

Wkh htxdwlrqv iru wkh vfkhgxohv dqg d uhodwlrq xvhg wr dqdo|}h wkh ohyhov prgho zlwk
zdjh vwlfnlqhvv duh vkrzq lq Wdeoh 71 Qrwh wkdw wkh �uvw wkuhh htxdwlrqv ghwhuplqh
wkh wkuhh yduldeohv +/ R/ dqg � jlyhq ydoxhv ri wkh vkrfnv1 Zh h{sodlq wkh vfkhgxohv
xvlqj Iljxuh 4/ Sdqho D1 Wkh djjuhjdwh vxsso| E�7� vfkhgxoh vorshv xszdug ehfdxvh
dq lqfuhdvh lq R fdxvhv wkh uhdo zdjh wr idoo/ vr hpsor|phqw dqg/ wkhuhiruh/ rxwsxw
lqfuhdvh1 Lwv htxdwlrq +W704, lv ghulyhg e| dgglqj htxdwlrqv +W605, dqg +W606, dqg
xvlqj wkh uhvxowlqj htxdwlrq wr holplqdwh , iurp wkh surgxfwlrq ixqfwlrq +W604,1 Lwv
vorsh lv k*E�� k�1 Qrwh wkdw � grhv qrw hqwhu wkh htxdwlrq iru wkh djjuhjdwh vxsso|
vfkhgxoh1

Wdeoh 7= Vfkhgxohv dqg Uhodwlrq iru Ohyhov Prgho zlwk Zdjh Vwlfnlqhvv

k+ ' E�� k� R n % �7 vfkhgxoh W704
j+ ' �E�n R� n L �( vfkhgxoh W705
� '

�
b+nb6�

�nb60

�
+ n

�
bRnb6

�nb60

�
Rn

�
b6

�nb60

�
� - vfkhgxoh W706

Rn + ' f �t frqvwdqw vfkhgxoh W707
Rn + ' , �t wr u uhodwlrq W708

Wkh djjuhjdwh ghpdqg E�(� vfkhgxoh vorshv grzqzdug ehfdxvh/ jlyhq wkdw wkh
h{shfwhg ixwxuh sulfh ohyho lv �{hg lq wkh ohyhov prgho/ dq lqfuhdvh lq R udlvhv wkh
h{shfwhg uhdo lqwhuhvw udwh wkhuhe| uhgxflqj + ghpdqghg154 Lwv htxdwlrq +W705, lv
mxvw wkh djjuhjdwh ghpdqg htxdwlrq +W607,/ dqg lwv vorsh lv �j zkhuh j pxvw eh
juhdwhu wkdq rqh xqghu rxu dvvxpswlrqv155 Dq lqfuhdvh lq � vkliwv wkh �( vfkhgxoh
grzq e| wkh dprxqw ri wkh lqfuhdvh/ vd| iurp �( wr �(

�
/ ehfdxvh xqlw lqfuhdvhv lq

� dqg R uhgxfh ghpdqg e| htxdo dprxqwv1
Wkh S\ frqvwdqw E�t � vfkhgxoh vkrzv wkh sdluv ri R dqg + iru zklfk qrplqdo

lqfrph lv frqvwdqw1 Lwv htxdwlrq lv +W707,1 Lw kdv d vorsh ri qhjdwlyh rqh1
Wkh �t vfkhgxoh kdv dqrwkhu lqwhusuhwdwlrq lq wkh ohyhov prgho zlwk zdjh vwlfnl0

qhvv1 Dgglqj htxdwlrqv +W604,/ +W605,/ dqg +W606, |lhogv wkh S\ wr O uhodwlrq +W708,1
Dffruglqj wr wklv uhodwlrq wkhuh lv d rqh0wr0rqh uhodwlrqvkls ehwzhhq wkh fkdqjh lq
qrplqdo lqfrph/ R n +/ dqg wkh fkdqjh lq hpsor|phqw/ ,156 Wkhuhiruh/ wkh �t
vfkhgxoh dovr jlyhv wkh sdluv ri R dqg + iru zklfk hpsor|phqw lv frqvwdqw1

54Wkh dvvxpswlrqv xqghuo|lqj rxu DG vfkhgxoh dqg wkh wh{werrn djjuhjdwh ghpdqg vfkhgxoh duh
gl�huhqw1 Lq ghulylqj rxu vfkhgxoh/ lw lv dvvxphg wkdw wkh qrplqdo lqwhuhvw udwh lv frqvwdqw1 Krzhyhu/
lq ghulylqj wkh wh{werrn djjuhjdwh ghpdqg vfkhgxoh/ lw lv dvvxphg wkdw wkh qrplqdo lqwhuhvw udwh
pryhv lq rughu wr nhhs wkh prqh| pdunhw lq htxloleulxp jlyhq d �{hg prqh| vxsso|1 Lq dojheudlf
whupv/ wkh qrplqdo lqwhuhvw udwh lv holplqdwhg iurp wkh djjuhjdwh ghpdqg htxdwlrq +W607, xvlqj wkh
prqh| pdunhw htxloleulxp frqglwlrq +W608,1

55Lq jhqhudo/ � pd| eh juhdwhu wkdq ru ohvv wkdq rqh1 Krzhyhu/ deryh zh lpsrvh d uhvwulfwlrq rq
wkh sdudphwhuv lq rughu wr lqvxuh wkdw � @ � dqg � @ 3/ dqg wklv uhvwulfwlrq fdq rqo| eh phw li � A 41

56Lq Khqghuvrq dqg PfNleelq +4<<6d, lw lv vkrzq wkdw wkhuh lv d rqh0wr0rqh uhodwlrqvkls ehwzhhq
wkh fkdqjhv lq qrplqdo lqfrph dqg hpsor|phqw qr pdwwhu zkhwkhu wkh hodvwlflw| ri vxevwlwxwlrq
ehwzhhq oderu dqg dqrwkhu idfwru ri surgxfwlrq lv htxdo wr rqh ru wr vrph rwkhu frqvwdqw1
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Wkh uhdfwlrq E-� vfkhgxoh vorshv grzqzdug1 Lqfuhdvhv lq erwk R dqg + udlvh wkh
uljkw kdqg vlgh ri wkh uhdfwlrq ixqfwlrq +W609,/ vr lq rughu wr nhhs wkh uljkw kdqg vlgh
frqvwdqw/ lqfuhdvhv lq + pxvw eh pdwfkhg e| ghfuhdvhv lq R� Lqfuhdvhv lq erwk ri wkhvh
yduldeohv udlvh wkh uljkw kdqg ri +W609, gluhfwo| e| htxdo dprxqwv dqg lqgluhfwo| e|
lqgxflqj lqfuhdvhv lq wkh prqh| vxsso|1 Wkh htxdwlrq iru -/ +W706,/ lv rewdlqhg e|
vxevwlwxwlqj htxdwlrq +W608, lqwr htxdwlrq +W609, dqg vroylqj iru �1 Lq wkh jhqhudo
fdvh/ wkh vorsh ri - lv f : �b+nb6�

bRnb6

:

	

� �/ dqg dq lqfuhdvh lq � vkliwv - xs/ vd| iurp
-
f
wr -

�
1 Iru d jlyhq ydoxh ri +/ dq lqfuhdvh lq � udlvhv wkh ohiw kdqg vlgh ri wkh

uhdfwlrq ixqfwlrq +W609, gluhfwo| dqg orzhuv wkh uljkw kdqg vlgh lqgluhfwo| ehfdxvh lw
uhgxfhv wkh prqh| vxsso|/ vr lw pxvw eh pdwfkhg e| dq lqfuhdvh lq R zklfk udlvhv wkh
uljkw kdqg vlgh ri +W609, erwk gluhfwo| dqg lqgluhfwo| wkurxjk lwv h�hfw rq wkh prqh|
vxsso|1

Lw lv xvhixo wr h{sodlq zkdw kdsshqv wr wkh vorsh ri wkh - vfkhgxoh dqg krz pxfk
- vkliwv zlwk lqfuhdvhv lq � lq vrph lpsruwdqw vshfldo fdvhv vkrzq lq Iljxuh 4/ Sdqho
F1 Zlwk prqh| vwrfn wdujhwlqj +�A ,/ zh kdyh b

6

$ 4 dqg b
+

dqg b
R

�qlwh/ vr
wkh - vfkhgxoh uhsuhvhqwhg e| wkh -

6:�
vfkhgxoh kdv d vorsh ri �� dqg vkliwv xs

dqg wr wkh uljkw zlwk lqfuhdvhv lq �1 Zkhq zh frqvlghu �A zh irfxv dwwhqwlrq rq
wkh fdvh lq zklfk � 	 � vr wkdw wkh -

6:�
vfkhgxoh lv  dwwhu wkdq wkh �( vfkhgxoh

xqghu rxu dvvxpswlrqv exw fdoo dwwhqwlrq wr wkh fdvh lq zklfk � : � lq zklfk lw lv
srvvleoh iru wkh -

6:�
vfkhgxoh wr eh vwhhshu wkdq wkh �( vfkhgxoh zkhq wkh uhvxowv

duh gl�huhqw1 Zlwk �lqwhuhvw udwh wdujhwlqj +UA ,� zh kdyh b
R

/ b
+

/ dqg b
6

$ f/ vr wkh
- vfkhgxoh pd| kdyh dq| qhjdwlyh vorsh ghshqglqj rq wkh uhodwlyh vl}hv ri b

+

dqg b
R

dqg vkliwv xs dqg wr wkh uljkw e| hyhu lqfuhdvlqj dprxqwv zlwk lqfuhdvhv lq � dv b
+

/
b
R

/ dqg b
6

dssurdfk }hur1 Iru vlpsolflw|/ zkhq zh frqvlghu UA zh irfxv dwwhqwlrq
rq wkh fdvh lq zklfk b

R

' b
+

' f dqg b
6

$ f/ vr wkh - vfkhgxoh lv uhsuhvhqwhg e|
wkh -

6:�
vfkhgxoh� Zlwk �A / wkh -

6:�
vfkhgxoh vkliwv wr wkh uljkw e| d zhoo0gh�qhg

dprxqw iru d jlyhq lqfuhdvh lq � dv b
6

$ 4/ exw zlwk UA / wkh -
6:�

vfkhgxoh vkliwv
wr wkh uljkw e| hyhu lqfuhdvlqj dprxqwv iru d jlyhq lqfuhdvh lq � dv b

6

$ f1
Zlwk sulfh ohyho wdujhwlqj +�A �/ zh kdyh b

R

$ 4 dqg b
+

dqg b
6

�qlwh/ vr wkh -
vfkhgxoh/ uhsuhvhqwhg e| -

R

/ lv krul}rqwdo dqg grhv qrw vkliw zlwk lqfuhdvhv lq �1 Zlwk
rxwsxw wdujhwlqj lq wkh ohyhov fdvh +t Au�/ zh kdyh b

+

$ 4/ dqg b
R

dqg b
6

�qlwh/
vr wkh - vfkhgxoh uhsuhvhqwhg e| -

+

lv yhuwlfdo dqg grhv qrw vkliw zlwk lqfuhdvhv lq �1
Zlwk qrplqdo lqfrph wdujhwlqj +�t A ,/ zh kdyh b

R

' b
+

$ 4 dqg b
6

�qlwh/ vr wkh
- vfkhgxoh uhsuhvhqwhg e| -

R+

kdv d vorsh ri qhjdwlyh rqh dqg grhv qrw vkliw zlwk
lqfuhdvhv lq ��

Zh duh qrz suhsduhg wr glvfxvv wkh h�hfwv ri prqh| ghpdqg/ jrrgv ghpdqg/ dqg
surgxfwlylw| vkrfnv xqghu UA / �A / �A / t Au/ dqg �t A 1 Zh zloo glvfxvv wkh h�hfwv
ri wkhvh nlqgv ri vkrfnv xqghu vhyhudo rwkhu w|shv ri wdujhwlqj lq wkh vxevhfwlrq rq
wkh frpelqdwlrq uhdfwlrq ixqfwlrq1 Iru hdfk nlqg ri vkrfn zh udqn wkh gl�huhqw w|shv
ri wdujhwlqj iru wkuhh yduldeohv= wkh sulfh ohyho +dqg e| lpsolfdwlrq lq dwlrq,/ lqfrph/
dqg hpsor|phqw1 Dv vwdwhg lq wkh lqwurgxfwlrq/ zh vd| wkdw d jlyhq w|sh ri wdujhwlqj
lv �ehwwhu� wkdq vrph rwkhu w|sh iru d jlyhq nlqg ri vkrfn dqg d jlyhq yduldeoh li wkh
ghyldwlrq ri wkh yduldeoh iurp lwv wdujhw ydoxh lv ohvv zlwk wkh jlyhq w|sh ri wdujhwlqj1
Wdeoh 46 dw wkh hqg ri wkh sdshu lv d vxppdu| ri udqnlqjv ri doo w|shv ri wdujhwlqj
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iru doo nlqgv ri vkrfnv1

61416 Prqh| Ghpdqg Vkrfnv

Iru prqh| ghpdqg vkrfnv/ UA / �A / t Au dqg �t A duh htxlydohqw/ dqg�A lv zruvh
iru doo yduldeohv1 Wkh uhvxow wkdw iru prqh| ghpdqg vkrfnv UA lv ehwwhu wkdq �A / d
edvlf uhvxow lq vwdelol}dwlrq hfrqrplfv/ zdv ghulyhg e| Edloh| +4<95, dqg h{whqghg e|
Srroh +4<:3,157 Xqghu UA / �A / t Au/ dqg �t A / wkh jrrgv pdunhw lv lqvxodwhg iurp
wkh prqh| ghpdqg vkrfn1

Iluvw zh frqvlghu UA dqg �A xvlqj Iljxuh 5/ Sdqho D41 Xqghu UA dqg �A dq
lqfuhdvh lq � vkliwv wkh -

6:�
vfkhgxoh grzq/ vd| wr -

6:�c�
� Dq lqfuhdvh lq � whqgv wr

lqfuhdvh wkh prqh| vxsso|/ vr R pxvw eh orzhu iru jlyhq ydoxhv ri + lq rughu wr nhhs
� iurp fkdqjlqj1 Dw wkh ruljlqdo ydoxhv ri Rc +c dqg � fruuhvsrqglqj wr srlqw @ wkhuh
lv xszdug suhvvxuh rq �1

Xqghu UA +�
6

$ f,/ yhu| vpdoo lqfuhdvhv lq � pxvw eh pdwfkhg e| yhu| odujh
lqfuhdvhv lq + iru d jlyhq ydoxh ri R1 Zlwk yluwxdoo| qr fkdqjh lq �/ wkh -

6:�
vfkhgxoh

vkliwv edfn yluwxdoo| doo wkh zd| wr lwv lqlwldo srvlwlrq1 Wkh �( vfkhgxoh vkliwv grzq
kdugo| dw doo/ vr wkh qhz htxloleulxp lv dw yluwxdoo| wkh vdph srlqw dv wkh rog rqh/
srlqw @1 Dv d uhvxow/ �/ +/ R/ dqg/ wkhuhiruh/ Rn + dqg , uhpdlq yluwxdoo| xqfkdqjhg1

Xqghu �A +b
6

$ 4,/ lqfuhdvhv lq � pxvw eh pdwfkhg e| �qlwh lqfuhdvhv lq +
iru d jlyhq ydoxh ri R1 Dv � lv lqfuhdvhg/ -

6:�
vkliwv xs dqg �( vkliwv grzq xqwlo

wkh| lqwhuvhfw vrphzkhuh rq wkh pdunhg sduw ri wkh �7
f
vfkhgxoh ehwzhhq srlqwv @

dqg K dqg ehorz wkh �t vfkhgxoh1 Lq wkh qhz htxloleulxp/ � lv kljkhu dqg +/ R/ dqg/
wkhuhiruh/ R n + dqg , duh orzhu1 Vlqfh + lv orzhu/ � n R/ wkh h{shfwhg uhdo lqwhuhvw
udwh/ pxvw eh kljkhu lq rughu wr nhhs wkh jrrgv pdunhw lq htxloleulxp1 Wkh qhz
htxloleulxp olhv rq d qhz �( vfkhgxoh +qrw vkrzq, orfdwhg ehorz �(

f
1 � n R zrxog

eh xqfkdqjhg li wkh qhz htxloleulxp od| gluhfwo| ehorz srlqw @1 Krzhyhu/ vlqfh wkh
qhz htxloleulxp olhv dw wkh lqwhuvhfwlrq ri wkh qhz �( vfkhgxoh dqg �7

f
/ wkh idoo lq

R pxvw eh ohvv wkdq wkh ulvh lq �1
Qrz zh frqvlghu �A / t Au/ dqg �t A xvlqj Iljxuh 5/ Sdqho D51 Xqghu �A

+b
R

$ 4,/ t Au +b
+

$ 4,/ dqg �t A +b
R

' b
+

$ 4,/ dq lqfuhdvh lq � kdv yluwxdoo|
qr h�hfw rq wkh -

R

/ -
+

/ dqg -
R+

vfkhgxohv/ uhvshfwlyho|1 Wkhuh lv yluwxdoo| qr vkliw lq
wkh �( vfkhgxoh1 Dv d uhvxow/ �/ +/ dqg R dqg/ wkhuhiruh/ Rn + dqg , uhpdlq yluwxdoo|
xqfkdqjhg1

61417 Jrrgv Ghpdqg Vkrfnv

Iru jrrgv ghpdqg vkrfnv/ �A / t Au/ dqg �t A duh htxlydohqw dqg duh doo ehwwhu
wkdq �A zklfk/ lq wxuq/ lv ehwwhu wkdq UA iru doo yduldeohv1 Wkh uhvxow wkdw iru
jrrgv ghpdqg vkrfnv �A lv ehwwhu wkdq UA / dqrwkhu edvlf uhvxow lq vwdelol}dwlrq

57Srroh +4<:3, h{whqghg Edloh| +4<95, e| ghulylqj wkh idploldu �frpelqdwlrq srolf|1� Srroh*v dqdo0
|vlv lv rqh ri wkh �uvw dssolfdwlrqv ri �owhulqj lq pdfurhfrqrplfv1 Kh dvvxphv wkdw wkh srolf|pdnhu
revhuyhv wkh lqwhuhvw udwh dqg wkh prqh| vxsso| exw qrw rxwsxw dqg xvhv wkh olplwhg lqirupdwlrq
derxw wkh vkrfnv wkdw kdyh klw wkh hfrqrp| wkdw lv frqyh|hg e| wkh lqwhuhvw udwh dqg wkh prqh|
vxsso| wr irup hvwlpdwhv ri wkhvh vkrfnv1 Wkh srolf|pdnhu wkhq dfwv wr r�vhw wkh h�hfwv ri wkh
hvwlpdwhg vkrfnv rq rxwsxw1
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hfrqrplfv/ zdv dovr ghulyhg e| Edloh| +4<95, dqg h{whqghg e| Srroh +4<:3,1 Xqghu
�A / lqgxfhg pryhphqwv lq wkh uhdo lqwhuhvw udwh r�vhw vrph ri wkh h�hfwv ri wkh
vkrfnv rq wkh jrrgv pdunhw1

Dq lqfuhdvh lq wkh ghpdqg iru jrrgv/ dq lqfuhdvh lq L / fdxvhv wkh �( vfkhgxoh
wr vkliw xs iurp �(

f
wr �(

�
lq Iljxuh 5/ Sdqhov E4 dqg E51 Vlqfh dq lqfuhdvh lq L

lqfuhdvhv wkh ghpdqg iru jrrgv/ iru d jlyhq ydoxh ri R/ + pxvw eh kljkhu lq rughu wr
nhhs wkh jrrgv pdunhw lq htxloleulxp1

Iluvw zh frqvlghu UA dqg�A xvlqj Iljxuh 5/ Sdqho E41 Dw srlqw K zkhuh wkh �(
�

dqg �7
f
vfkhgxohv lqwhuvhfw/ wkh Rc + sdlu lv deryh -

6:�
/ vr wkhuh lv xszdug suhvvxuh

rq �1
Xqghu UA / zlwk yluwxdoo| qr fkdqjh lq �/ wkh - vfkhgxoh vkliwv yluwxdoo| doo wkh

zd| wr wkh lqwhuvhfwlrq ri wkh �(
�
dqg �7 vfkhgxohv dw srlqw K/ dqg wkh �( vfkhgxoh

vkliwv grzq iurp �(
�
kdugo| dw doo1 Wkhuhiruh/ wkh qhz htxloleulxp lv duelwudulo|

forvh wr wkh lqwhuvhfwlrq ri wkh �(
�
dqg �7 vfkhgxohv dw srlqw K zklfk lv deryh wkh

�t vfkhgxoh1 Lq wkh qhz htxloleulxp/ R/ +/ dqg/ wkhuhiruh/ Rn +/ dqg , duh doo kljkhu1
Vlqfh � uhpdlqv yluwxdoo| frqvwdqw/ wkh lqfuhdvh lq + dqg wkh dvvrfldwhg lqfuhdvh lq
R pxvw eh odujh hqrxjk wr doprvw ixoo| r�vhw wkh h�hfw ri wkh vkrfn rq wkh jrrgv
pdunhw1 6 pxvw ulvh e| hqrxjk wr vdwlvi| prqh| ghpdqg dw dq xqfkdqjhg � dqg
kljkhu R dqg +1

Xqghu �A / dv � lv lqfuhdvhg/ wkh -
6:�

vfkhgxoh vkliwv xs dqg wkh �( vfkhgxoh
vkliwv grzq xqwlo wkh| lqwhuvhfw vrphzkhuh rq wkh pdunhg sduw ri wkh �7 vfkhgxoh
ehwzhhq srlqwv @ dqg K dqg deryh wkh �t vfkhgxoh1 Lq wkh qhz htxloleulxp/ �/ +/
R/ dqg/ wkhuhiruh/ R n + dqg , duh doo kljkhu1 Iru wkh prqh| pdunhw wr uhpdlq lq
htxloleulxp dw dq xqfkdqjhg ydoxh ri 6/ R dqg + pxvw eh kljkhu jlyhq wkdw � lv
kljkhu1 Krzhyhu/ wkh lqfuhdvhv lq doo wkh yduldeohv h{fhsw � duh vpdoohu xqghu �A
wkdq xqghu UA ehfdxvh vpdoohu lqfuhdvhv lq R dqg + duh uhtxluhg wr uhhtxloleudwh wkh
jrrgv pdunhwv zkhq � lv lqfuhdvhg1

Qrz zh frqvlghu �A / t Au/ dqg �t A xvlqj Iljxuh 5/ Sdqho E51 Xqghu �A / t Au/
dqg �t A / wkh qhz htxloleulxp lv dw wkh vdph srlqw dv wkh lqlwldo htxloleulxp/ srlqw
@� Lq rughu wr nhhs R/ +/ ru R n + frqvwdqw/ � pxvw eh lqfuhdvhg e| hqrxjk wr vkliw
wkh �( vfkhgxoh yluwxdoo| doo wkh zd| edfn wr lwv ruljlqdo srvlwlrq vlqfh lqfuhdvhv lq
� kdyh yluwxdoo| qr h�hfw rq wkh -

R

/ -
+

/ dqg -
R+

vfkhgxohv/ uhvshfwlyho|1 Lq doo wkuhh
fdvhv/ R/ +/ R n +/ dqg , uhpdlq xqfkdqjhg1 Wkh lqfuhdvh lq � pxvw eh odujhu xqghu
�A / t Au/ dqg �t A wkdq xqghu wkh �A ehfdxvh R/ +/ dqg Rn + ulvh xqghu wkh �A 1

61418 Surgxfwlylw| Vkrfnv

Zlwk surgxfwlylw| vkrfnv/ iru hpsor|phqw/ �t A lv ehwwhu wkdq doo rwkhu w|shv ri
wdujhwlqj h{fhsw lq rqh vshfldo fdvh lq zklfk lw lv wkh vdph dv �A / dqg UA " t Au1
Iru wkh sulfh ohyho/ �A lv ehwwhu wkdq doo rwkhu nlqgv ri wdujhwlqj/ dqg �A " �t A "
UA " t Au� Iru rxwsxw/ t Au lv ehwwhu wkdq doo rwkhu nlqgv ri wdujhwlqj/ dqg t Au
" UA " �t A " �A� Doo rwkhu udqnlqjv ghshqg rq sdudphwhu ydoxhv1 Wkurxjkrxw
prvw ri wklv vxevhfwlrq zh uhwdlq rxu dvvxpswlrq wkdw wkh vorsh ri wkh -

6:�
vfkhgxoh

lv ohvv wkdq rqh lq devroxwh ydoxh/ exw zh uhod{ wklv dvvxpswlrq dw wkh hqg ri wkh
vxevhfwlrq1
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Dq lqfuhdvh lq surgxfwlylw|/ dq lqfuhdvh lq %/ fdxvhv wkh �7 vfkhgxoh wr vkliw grzq
iurp �7

f
wr �7

�
lq Iljxuh 5/ Sdqhov F4 dqg F51 Lq rughu wr nhhs + frqvwdqw/ R pxvw

eh orzhu vr wkdw , zloo idoo e| hqrxjk wr r�vhw wkh h�hfw ri wkh lqfuhdvh lq %1 Wkh sdlu
ri + dqg R wkdw fohduv wkh jrrgv pdunhw lv jlyhq e| wkh lqwhuvhfwlrq ri wkh �7

�
dqg

wkh �( vfkhgxohv dw srlqw K1
Iluvw zh frqvlghu UA dqg �A xvlqj Iljxuh 5/ Sdqho F41 Vlqfh wkh �( vfkhgxoh

lv vwhhshu wkdq wkh -
6:�

vfkhgxoh/ srlqw K olhv ehorz -
6:�

/ vr wkhuh lv grzqzdug
suhvvxuh rq �1 Xqghu UA / zlwk yluwxdoo| qr fkdqjh lq �/ wkh -

6:�
vfkhgxoh vkliwv

yluwxdoo| doo wkh zd| wr wkh lqwhuvhfwlrq ri wkh �7
�
dqg �( vfkhgxohv dw srlqw K/ dqg

wkh �( vfkhgxoh vkliwv xs kdugo| dw doo/ vr wkh qhz htxloleulxp lv duelwudulo| forvh wr
wkh lqwhuvhfwlrq ri wkh �7

�
dqg �( vfkhgxohv dw srlqw K1 + ulvhv/ dqg R idoov1 Wkh

qhz htxloleulxp olhv ehorz wkh �t vfkhgxoh/ vr Rn + dqg/ wkhuhiruh/ , pxvw idoo1
Wkh frqfoxvlrq wkdw lqfuhdvhv lq surgxfwlylw| ghfuhdvh hpsor|phqw pd| vhhp

frxqwhulqwxlwlyh/ exw lw fdq eh h{sodlqhg1 Wkh sdlu ri + dqg R frqvlvwhqw zlwk xq0
fkdqjhg idfwru xvh iroorzlqj wkh surgxfwlylw| vkrfn lv jlyhq e| wkh lqwhuvhfwlrq ri wkh
�7

�
dqg �t vfkhgxohv dw srlqw _1 Wklv sdlu lpsolhv dq h{fhvv vxsso| ri jrrgv dw dq

xqfkdqjhg ydoxh ri �1 Wkdw lv/ lq htxloleulxp + pxvw ulvh e| ohvv dqg R pxvw idoo e|
pruh wkdq wkh dprxqwv frqvlvwhqw zlwk xqfkdqjhg idfwru xvh/ vr , pxvw idoo1

Xqghu �A / wkh �( vfkhgxoh vkliwv xs dqg wkh - vfkhgxoh vkliwv grzq xqwlo wkh|
phhw vrphzkhuh rq wkh pdunhg sduw ri wkh �7

�
vfkhgxoh ehwzhhq srlqwv K dqg S1

Vlqfh � lv ghfuhdvhg/ + ulvhv e| pruh/ R idoov e| ohvv wkdq xqghu wkh UA 1 Wkh qhz
htxloleulxp pd| olh ehorz ru deryh wkh �t vfkhgxoh/ vr hpsor|phqw pd| idoo ru ulvh/
dqg li lw ulvhv wkh lqfuhdvh pd| eh juhdwhu ru ohvv wkdq wkh devroxwh ydoxh ri wkh idoo
xqghu UA 1

Qrz zh frqvlghu �A / t Au/ dqg �t A xvlqj Iljxuh 5/ Sdqho F51 Xqghu �A / t Au/
dqg �t A / wkh htxloleuld duh dw wkh lqwhuvhfwlrqv ri wkh -

R

/ -
+

/ dqg -
R+

vfkhgxohv
zlwk wkh �7

�
vfkhgxoh dw srlqwv h/ i/ dqg g/ uhvshfwlyho|1 Wkh -

R+

vfkhgxoh frlqflghv
zlwk wkh �t vfkhgxoh/ vr wkh qhz htxloleulxp pxvw eh rq wkh �t vfkhgxoh mxvw dv
wkh lqlwldo htxloleulxp lv1 � lv dgmxvwhg vr wkdw wkh �( vfkhgxoh sdvvhv wkurxjk wkh
lqwhuvhfwlrq ri wkh �7

�
dqg �t vfkhgxohv dw srlqw _1 Vlqfh wkh qhz htxloleulxp lv rq

wkh �t vfkhgxoh/ hpsor|phqw lv xqfkdqjhg/ vr �t A lv dw ohdvw dv jrrg dv hyhu| rwkhu
nlqg ri wdujhwlqj iru hpsor|phqw1 Vlqfh hpsor|phqw lv xqfkdqjhg/ + idoov dqg R ulvhv
e| dprxqwv wkdw duh htxdo lq devroxwh ydoxh wr wkh lqfuhdvh lq %1 Lw lv lpsruwdqw wr
revhuyh wkdw wkh htxloleulxp lqfuhdvh lq + lv wkh vdph dv wkh lqfuhdvh lq + wkdw zrxog
wdnh sodfh li zdjhv zhuh  h{leoh dqg doo pdunhwv fohduhg158 Vlqfh wkh �( vfkhgxoh lv
vwhhshu wkdq wkh -

R+

vfkhgxoh/ + ulvhv e| pruh/ dqg R idoov e| ohvv xqghu �t A wkdq
xqghu UA 1 Wkh -

R+

vfkhgxoh kdv d vorsh ri qhjdwlyh rqh/ vr li lw zhuh gudzq lq rq
Iljxuh 5/ Sdqho F lw zrxog eh vwhhshu wkdq wkh -

6:�
vfkhgxoh dqg zrxog fxw wkh

pdunhg sduw ri wkh �7
�
vfkhgxoh1 Wkhuhiruh/ wkh udqnlqj ri �t A dqg �A iru wkh

58Xqghu rxu dvvxpswlrq wkdw " $ 4/ wkh rxwfrphv iru doo yduldeohv li zdjhv duh vwlfn| duh wkh
vdph dv wkh| zrxog eh li zdjhv zhuh  h{leoh zkhq wkh vlpsoh vxp s . | lv wdujhwhg/ wkdw lv/ zlwk
S\ W 1 Xqghu wkh dowhuqdwlyh dvvxpswlrq wkdw " uhpdlqv �qlwh/ wkh rxwfrphv iru doo yduldeohv li zdjhv
duh vwlfn| duh wkh vdph dv wkh| zrxog eh li zdjhv zhuh  h{leoh zkhq wkh zhljkwhg vxp s.

�
"

".4

�
|

lv wdujhwhg dv vkrzq e| Nrhqlj +4<<9,1
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sulfh ohyho dqg rxwsxw lv dpeljxrxv1 �t A lv ehwwhu wkdq �A iru hpsor|phqw h{fhsw
lq wkh vshfldo fdvh lq zklfk wkh| duh h{dfwo| wkh vdph1

�A lv ehwwhu iru wkh sulfh ohyho dqg zruvh iru rxwsxw wkdq dq| rwkhu nlqg ri
wdujhwlqj1 Xqghu �A / hpsor|phqw lqfuhdvhv ehfdxvh wkh htxloleulxp lv deryh wkh
�t vfkhgxoh/ vr �A lv zruvh iru hpsor|phqw wkdq �t A 1 t Au lv zruvh iru wkh
sulfh ohyho dqg ehwwhu iru rxwsxw wkdq dq| rwkhu nlqg ri wdujhwlqj1 Xqghu t Au/
hpsor|phqw idoov ehfdxvh wkh htxloleulxp lv ehorz wkh �t vfkhgxoh/ vr t Au lv zruvh
iru hpsor|phqw wkdq �t A 1 Ixuwkhupruh/ wkh �t vfkhgxoh +qrw vkrzq, wkdw sdvvhv
wkurxjk wkh t Au htxloleulxp lv ixuwkhu iurp �t

f
wkdq wkh �t vfkhgxoh +qrw vkrzq,

wkdw sdvvhv wkurxjk wkh UA htxloleulxp/ vr t Au lv zruvh iru hpsor|phqw wkdq UA 1
Wkh vl}h ri wkh vkliw ri wkh �7 fxuyh dorqj wkh �t vfkhgxoh ghshqgv rqo| rq wkh
vl}h ri wkh surgxfwlylw| vkrfn dqg qrw rq wkh vorsh ri wkh �7 vfkhgxoh1 Fkdqjlqj
wkh vorsh ri wkh �7 vfkhgxoh fdxvhv lw wr urwdwh durxqg d srlqw rq wkh �t vfkhgxoh1
Li k ' �*2 vr wkdw wkh vorsh ri wkh djjuhjdwh vxsso| fxuyh lv xqlw|/ wkh devroxwh
ydoxhv ri wkh fkdqjhv ri hpsor|phqw duh wkh vdph xqghu �A dqg t Au1 Li k : �*2 vr
wkdw wkh vorsh ri wkh �7 vfkhgxoh lv juhdwhu wkdq xqlw|/ �A lv ehwwhu wkdq t Au iru
hpsor|phqw dqg ylfh yhuvd1 Wkh udqnlqj ri �A uhodwlyh wr �A dqg t Au ghshqgv
rq sdudphwhu ydoxhv1

Vr idu zh kdyh ehhq dvvxplqj wkdw wkh vorsh ri wkh -
6:�

vfkhgxoh lv ohvv wkdq rqh
lq devroxwh ydoxh1 Wkh iroorzlqj dgglwlrqdo uhvxowv fdq eh suryhg iru fdvhv lq zklfk
wkh vorsh ri wkh -

6:�
lv juhdwhu wkdq rqh lq devroxwh ydoxh1 Iru hpsor|phqw/ �t A lv

ehwwhu wkdq doo rwkhu nlqgv ri wdujhwlqj dqg wkh udqnlqj ri doo rwkhu nlqgv ri wdujhwlqj
ghshqgv rq sdudphwhuv1 Iru wkh sulfh ohyho/ �A lv suhihuuhg wr doo rwkhu nlqgv ri
wdujhwlqj dqg �A " �t A " UA / �A " t Au/ exw wkh udqnlqj ri UA dqg �A
ghshqgv rq sdudphwhuv1 Iru rxwsxw/ t Au " UA / �A " �t A " �A dqg zkhwkhu
UA ru �A lv suhihuuhg ghshqgv rq sdudphwhuv1

615 Wkh Frpelqdwlrq Uhdfwlrq Ixqfwlrq

61514 Wkh Ixoo Frpelqdwlrq Prgho

Wkh frpelqdwlrq prgho zlwk zdjh vwlfnlqhvv lv dovr rewdlqhg e| dvvxplqj wkdw wkhuh
duh rqh0shulrg zdjh frqwudfwv1 Lq sduwlfxodu/ wrgd|*v qrplqdo zdjh lv ghwhuplqhg
e| wdnlqj h{shfwdwlrqv ri wkh qrwlrqdo frpelqdwlrq prgho lq Wdeoh 5 zlwk � $ 4
edvhg rq |hvwhugd|*v lqirupdwlrq1 Zlwk rqh0shulrg zdjh frqwudfwv/ l1l1g1 vkrfnv/ dqg
ixo�oophqw ri wkh frqglwlrqv iru d xqltxh htxloleulxp lq wkh frpelqdwlrq prgho/ lw lv
vkrzq lq Dsshqgl{ D wkdw
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Lw iroorzv wkdw

� ' �
�3�

' R
�3�

' Z
�3�

n R
3�
� +79,

Wkh ixoo frpelqdwlrq prgho zlwk zdjh vwlfnlqhvv lv vkrzq lq Wdeoh 81 Lw lv rewdlqhg
e| ehjlqqlqj zlwk wkh qrwlrqdo frpelqdwlrq prgho lq Wdeoh 5/ gursslqj wkh htxdwlrq
iru qrwlrqdo oderu vxsso|/ dqg pdnlqj xvh ri wkh lqirupdwlrq lq htxdwlrqv +77,/ +78,/
dqg +79,

Wdeoh 8= Ixoo Frpelqdwlrq Prgho zlwk Zdjh Vwlfnlqhvv

+ ' E�� k� , n % surgxfwlrq ixqfwlrq W804
R�� ' k, � % oderu ghpdqg W805
� � R

3�
' Z

�3�
zdjh vhwwlqj W806

j+ ' �
�
�� �

>

�

Z
n�

>

E�+ � 0�n ��
�
n L djjuhjdwh ghpdqg W807

6 ' Rn �+ � 0� n � prqh| pdunhw htxloleulxp W808
� ' �

>

>n �
+

+ n �
Z

Z uhdfwlrq ixqfwlrq W809
Z ' R� R

3�
lq dwlrq gh�qlwlrq W80:

> ' 6�6
3�

prqh| jurzwk gh�qlwlrq W80;

1

61515 Wkh Vfkhgxohv dqg d Uhodwlrq iru wkh Frpelqdwlrq Prgho

Wkh htxdwlrqv iru wkh vfkhgxohv dqg d uhodwlrq xvhg wr dqdo|}h wkh frpelqdwlrq prgho
zlwk zdjh vwlfnlqhvv duh vkrzq lq Wdeoh 91 Zh h{sodlq wkh vfkhgxohv xvlqj Iljxuh 4/
Sdqho E1

Wkh djjuhjdwh vxsso| E�7� vfkhgxoh vorshv xszdug ehfdxvh dq lqfuhdvh lq Z fdxvhv
wkh uhdo zdjh wr idoo/ vr hpsor|phqw dqg/ wkhuhiruh/ rxwsxw lqfuhdvh1 Lwv htxdwlrq +W90
4, lv ghulyhg e| dgglqj htxdwlrqv +W804, dqg +W805,/ pdnlqj xvh ri htxdwlrq +W80:,/
dqg xvlqj wkh uhvxowlqj htxdwlrq wr holplqdwh , iurp wkh surgxfwlrq ixqfwlrq +W804,1
Lwv vorsh lv k*E� � k�1 Lw lv wkh vdph dv wkh �7 vfkhgxoh iru wkh ohyhov prgho zlwk
zdjh vwlfnlqhvv lq doo hvvhqwldo uhvshfwv ehfdxvh |hvwhugd|*v sulfh lv jlyhq vr doo wkh
pryhphqwv lq Z duh jhqhudwhg e| pryhphqwv lq R1

Wdeoh 9= Vfkhgxohv dqg Uhodwlrq iru Frpelqdwlrq Prgho zlwk Zdjh Vwlfnlqhvv
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- vfkhgxoh W906

Z n + ' f �t frqvwdqw vfkhgxoh W907
Z n + ' , n Z

�3�
�t wr u uhodwlrq W908

Wkh djjuhjdwh ghpdqg E�(� vfkhgxoh lv yhuwlfdo ehfdxvh djjuhjdwh ghpdqg grhv
qrw ghshqg rq wkh udwh ri lq dwlrq ehwzhhq |hvwhugd| dqg wrgd| hlwkhu gluhfwo| ru
lqgluhfwo| wkurxjk wkh h{shfwhg udwh ri lq dwlrq ehwzhhq wrgd| dqg wrpruurz1 Lwv
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htxdwlrq/ +W905,/ lv mxvw d uhduudqjhg yhuvlrq ri wkh djjuhjdwh ghpdqg htxdwlrq +W80
7,1 Wrgd|*v ydoxhv ri +/ �/ dqg L d�hfw djjuhjdwh ghpdqg gluhfwo|/ dqg/ dv orqj dv
�
>

: f/ wrgd|*v ydoxhv ri +/ �/ dqg � d�hfw djjuhjdwh ghpdqg lqgluhfwo| wkurxjk
wkh h{shfwhg udwh ri lq dwlrq1 Dq lqfuhdvh lq wkh qrplqdo lqwhuhvw udwh udlvhv wkh
uhdo lqwhuhvw udwh gluhfwo| dqg dovr lqgluhfwo| ehfdxvh lw orzhuv wkh h{shfwhg udwh ri
lq dwlrq1 Dq lqfuhdvh lq rxwsxw orzhuv wkh pdujlqdo xwlolw| ri frqvxpswlrq wrgd|/ exw
lw dovr orzhuv wkh uhdo lqwhuhvw udwh e| lqfuhdvlqj wkh h{shfwhg udwh ri lq dwlrq1 Wkdw
lv/ wkh frh!flhqw rq rxwsxw lq wkh htxdwlrq iru wkh �( vfkhgxoh/ j � �

>
�

�

Z
n�

>

/ pd| lq

sulqflsoh eh hlwkhu srvlwlyh ru qhjdwlyh vlqfh �

>

�

Z
n�

>

	 � dqg xqghu rxu dvvxpswlrqv

j : � dqg �:

	

�1 Iru vlpsolflw|/ zh irfxv rq wkh fdvh lq zklfk j � �

>
�

�

Z
n�

>

: f� Lq wklv
fdvh/ dq lqfuhdvh lq � vkliwv �( wr wkh ohiw/ vd| iurp �(

f
wr �(

�
/ ehfdxvh dq lqfuhdvh

lq wkh lqwhuhvw udwh uhgxfhv wkh dprxqw ri rxwsxw ghpdqghg1
Wkh lq dwlrq soxv rxwsxw E�t � frqvwdqw vfkhgxoh vkrzv wkh sdluv ri Z dqg +

iru zklfk lq dwlrq soxv rxwsxw lv frqvwdqw1 Lwv htxdwlrq lv +W907,1 Lw kdv d vorsh ri
qhjdwlyh rqh1

Wkh �t vfkhgxoh kdv dqrwkhu lqwhusuhwdwlrq lq wkh frpelqdwlrq prgho zlwk zdjh
vwlfnlqhvv1 Dgglqj htxdwlrqv +W804,/ +W805,/ dqg +W806, |lhogv wkh lq dwlrq soxv
rxwsxw wr hpsor|phqw +�t wr u� uhodwlrq +W908,1 Dffruglqj wr wklv uhodwlrq wkhuh lv
d rqh0wr0rqh uhodwlrqvkls ehwzhhq wkh fkdqjh lq lq dwlrq soxv rxwsxw/ Z n +/ dqg
wkh fkdqjh lq hpsor|phqw/ ,1 Wkhuhiruh/ wkh �t vfkhgxoh dovr jlyhv wkh sdluv ri Z
dqg + iru zklfk hpsor|phqw lv frqvwdqw1

Wkh uhdfwlrq E-� vfkhgxoh vorshv grzqzdug ehfdxvh lqfuhdvhv lq erwk Z dqg +
udlvh wkh uljkw kdqg vlgh ri +W809, erwk gluhfwo| dqg lqgluhfwo| e| lqgxflqj lqfuhdvhv
lq prqh| jurzwk/ vr lq rughu wr nhhs wkh uljkw kdqg vlgh frqvwdqw/ lqfuhdvhv lq + pxvw
eh pdwfkhg e| ghfuhdvhv lq Z1 Wkh htxdwlrq iru -/ +W906,/ lv rewdlqhg e| gl�huhqflqj
+W808,/ pdnlqj xvh ri htxdwlrq +W80:, dqg wkh h{suhvvlrq iru Z

�3�
lq htxdwlrq +77,/

vxevwlwxwlqj wkdw uhvxow lqwr htxdwlrq +W80;,/ vxevwlwxwlqj wkdw uhvxow lqwr +W809,/
dqg vroylqj iru �1 Wkh vorsh ri - lv f : ��

+
n�

>
�

�

Z
n�

>

:

	

� �1 Dq lqfuhdvh lq � vkliwv -

xs/ vd| iurp -
f
wr -

�
1 Iru d jlyhq ydoxh ri +/ dq lqfuhdvh lq � udlvhv wkh ohiw kdqg

vlgh ri wkh uhdfwlrq ixqfwlrq +W809, gluhfwo| dqg orzhuv wkh uljkw kdqg vlgh lqgluhfwo|
ehfdxvh lw uhgxfhv prqh| jurzwk/ vr lw pxvw eh pdwfkhg e| dq lqfuhdvh lq Z zklfk
udlvhv wkh uljkw kdqg vlgh ri +W809, erwk gluhfwo| dqg lqgluhfwo| wkurxjk lwv h�hfw rq
prqh| jurzwk1

Lw lv khosixo wr h{sodlq zkdw kdsshqv wr wkh vorsh ri - dqg krz pxfk - vkliwv zlwk
lqfuhdvhv lq � lq vrph lpsruwdqw vshfldo fdvhv xvlqj Iljxuh 4/ Sdqho G1 Zlwk prqh|
jurzwk wdujhwlqj +PA ,/ �

>

$ 4/ vr wkh - vfkhgxoh kdv d vorsh ri �� dqg vkliwv xs
dqg wr wkh uljkw zlwk lqfuhdvhv lq �1 Zlwk wkh frpelqdwlrq uhdfwlrq ixqfwlrq/ wkhuh
lv qr vhqvleoh olplwlqj fdvh wkdw fdq eh wkrxjkw ri dv �lqwhuhvw udwh wdujhwlqj1� Iru
xqltxhqhvv lw lv qhfhvvdu| wr kdyh �

Z

n �
>

: �/ vr �
Z

dqg �
>

fdqqrw erwk dssurdfk
}hur1 Zlwk lq dwlrq wdujhwlqj +�A �/ �

Z

$ 4c vr - lv krul}rqwdo dqg grhv qrw vkliw
zlwk lqfuhdvhv lq �> zlwk rxwsxw wdujhwlqj lq wkh frpelqdwlrq fdvh +t A��/ �

+

$ 4/
vr - lv yhuwlfdo dqg grhv qrw vkliw zlwk lqfuhdvhv lq �> zlwk lq dwlrq soxv rxwsxw
wdujhwlqj +�t A ,/ �

Z

' �
+

$ 4c vr - kdv d vorsh ri qhjdwlyh rqh dqg grhv qrw vkliw

4<



zlwk lqfuhdvhv lq �1

61516 Prqh| Ghpdqg Vkrfnv

Zlwk prqh| ghpdqg vkrfnv/ wkh uhvxowv iru �A / t A�/ �t A / dqg PA lq wkh frpel0
qdwlrq prgho duh wkh vdph dv wkh uhvxowv iru �A / t Au/ �t A / dqg �A lq wkh ohyhov
prgho/ uhvshfwlyho|1 �A / t A�/ dqg �t A duh htxlydohqw dqg duh doo ehwwhu wkdq
PA iru doo yduldeohv1 Xqghu �A / t A�c dqg �t A / wkh jrrgv pdunhw lv frpsohwho|
lqvxodwhg iurp wkh prqh| ghpdqg vkrfn1

Xqghu PA +Iljxuh 6/ Sdqho D4,/ dq lqfuhdvh lq � vkliwv wkh -
>

vfkhgxoh grzq vd|
wr -

>c�
� Dv � lv lqfuhdvhg wr suhyhqw dq lqfuhdvh lq prqh| jurzwk/ -

>

vkliwv xs dqg
�( vkliwv ohiw xqwlo wkh| lqwhuvhfw vrphzkhuh rq wkh pdunhg sduw ri wkh �7 vfkhgxoh
ehwzhhq srlqwv @ dqg K dqg ehorz wkh �t vfkhgxoh1 Lq wkh qhz htxloleulxp/ � lv
kljkhu dqg +/ Z/ dqg/ wkhuhiruh/ Z n + dqg , duh orzhu1

Xqghu �A / t A�/ dqg �t A +Iljxuh 6/ Sdqho D5,/ dq lqfuhdvh lq � kdv yluwxdoo|
qr h�hfw rq wkh -

Z

/ -
+

/ dqg -
Z+

vfkhgxohv/ uhvshfwlyho|1 Wkhuh lv yluwxdoo| qr vkliw
lq wkh �( vfkhgxoh1 Dv d uhvxow/ �/ +/ Z/ dqg/ wkhuhiruh/ Z n + dqg , uhpdlq yluwxdoo|
xqfkdqjhg1

61517 Jrrgv Ghpdqg Vkrfnv

Iru jrrgv ghpdqg vkrfnv dv iru prqh| ghpdqg vkrfnv/ wkh uhvxowv iru �A / t A�/
�t A / dqg PA lq wkh frpelqdwlrq prgho duh wkh vdph dv wkh uhvxowv iru �A / t Au/
�t A / dqg �A lq wkh ohyhov prgho/ uhvshfwlyho|1 �A / t A�/ dqg �t A duh htxlydohqw
dqg duh doo ehwwhu wkdq PA iru doo yduldeohv1

Dq lqfuhdvh lq wkh ghpdqg iru jrrgv/ dq lqfuhdvh lq L / fdxvhv wkh �( vfkhgxoh
wr vkliw wr wkh uljkw iurp �(

f
wr �(

�
lq Iljxuh 6/ Sdqhov E4 dqg E51 Xqghu PA

+Iljxuh 6/ Sdqho E4,/ � lv lqfuhdvhg lq rughu wr suhyhqw dq lqfuhdvh lq wkh prqh|
jurzwk udwh1 Dv � lv lqfuhdvhg/ wkh -

>

vfkhgxoh vkliwv xs dqg �( vfkhgxoh vkliwv ohiw
xqwlo wkh| lqwhuvhfw vrphzkhuh rq wkh pdunhg sduw ri wkh �7 vfkhgxoh ehwzhhq srlqwv
@ dqg K dqg deryh wkh �t vfkhgxoh1 Lq wkh qhz htxloleulxp/ �/ +/ Z/ dqg/ wkhuhiruh/
Z n + dqg , duh doo kljkhu1

Xqghu �A / t A�/ dqg �t A +Iljxuh 6/ Sdqho E5,/ wkh qhz htxloleulxp lv dw wkh
vdph srlqw dv wkh lqlwldo htxloleulxp/ srlqw @� Lq rughu wr nhhs Z/ +/ ru Zn+ frqvwdqw/
� pxvw eh lqfuhdvhg e| hqrxjk wr vkliw wkh �( vfkhgxoh yluwxdoo| doo wkh zd| edfn wr
lwv ruljlqdo srvlwlrq vlqfh lqfuhdvhv lq � kdyh yluwxdoo| qr h�hfw rq wkh -

Z

/ -
+

/ dqg
-
Z+

vfkhgxohv/ uhvshfwlyho|1 Lq doo wkuhh fdvhv/ Z/ +/ Z n +/ dqg , uhpdlq xqfkdqjhg1

61518 Surgxfwlylw| Vkrfnv

Zlwk surgxfwlylw| vkrfnv/ wkh uhvxowv iru �A dqg PA lq wkh frpelqdwlrq prgho
duh wkh vdph dv wkh uhvxowv iru �A dqg �A / uhvshfwlyho|/ lq wkh ohyhov prgho iru doo
yduldeohv/ dqg wkh uhvxowv iru t A� dqg �t A lq wkh frpelqdwlrq prgho duh wkh vdph
dv wkh uhvxowv iru t Au dqg �t A lq wkh ohyhov prgho/ uhvshfwlyho|/ iru doo yduldeohv
h{fhsw wkh qrplqdo lqwhuhvw udwh dqg h{shfwhg lq dwlrq1 Iru hpsor|phqw/ �t A lv
ehwwhu wkdq doo rwkhu w|shv ri wdujhwlqj h{fhsw lq rqh vshfldo fdvh lq zklfk lw lv wkh
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vdph dv PA 1 Iru lq dwlrq/ �A lv ehwwhu wkdq doo rwkhu nlqgv ri wdujhwlqj/ dqg �A
" �t A " t A�� Iru rxwsxw/ t A� lv ehwwhu wkdq doo rwkhu nlqgv ri wdujhwlqj/ dqg
t A� " �t A " �A� Doo rwkhu udqnlqjv ghshqg rq sdudphwhu ydoxhv1 Wkurxjkrxw
wklv vxevhfwlrq zh uhvwulfw dwwhqwlrq wr wkh fdvh lq zklfk wkh vorsh ri wkh -

>

vfkhgxoh
lv ohvv wkdq rqh lq devroxwh ydoxh159

Dq lqfuhdvh lq surgxfwlylw|/ dq lqfuhdvh lq %/ fdxvhv wkh �7 vfkhgxoh wr vkliw grzq
iurp �7

f
wr �7

�
lq Iljxuh 6/ Sdqhov F4 dqg F51 Xqghu PA +Iljxuh 6/ Sdqho F4,/

srlqw K olhv ehorz -
>

vlqfh wkh �( vfkhgxoh lv yhuwlfdo/ vr wkhuh lv grzqzdug suhvvxuh
rq �1 Wkh �( vfkhgxoh vkliwv uljkw dqg wkh -

>

vfkhgxoh vkliwv grzq xqwlo wkh| phhw
vrphzkhuh rq wkh pdunhg sduw ri wkh �7

�
vfkhgxoh ehwzhhq srlqwv K dqg S1 Wkh qhz

htxloleulxp pd| olh ehorz ru deryh wkh �t vfkhgxoh/ vr hpsor|phqw pd| idoo ru ulvh1
Xqghu �A / t A�/ dqg �t A +Iljxuh 6/ Sdqho F5,/ wkh htxloleuld duh dw wkh lqwhu0

vhfwlrqv ri wkh -
Z

/ -
+

/ dqg -
Z+

vfkhgxohv zlwk wkh �7
�
vfkhgxoh dw srlqwv h/ i/ dqg g/

uhvshfwlyho|1 Wkh -
Z+

vfkhgxoh frlqflghv zlwk wkh �t vfkhgxoh/ vr wkh qhz htxlole0
ulxp pxvw olh rq wkh �t vfkhgxoh mxvw dv wkh lqlwldo htxloleulxp grhv1 � lv dgmxvwhg vr
wkdw wkh �( vfkhgxoh sdvvhv wkurxjk wkh lqwhuvhfwlrq ri wkh �7

�
dqg �t vfkhgxohv dw

srlqw _1 Vlqfh wkh qhz htxloleulxp lv rq wkh �t vfkhgxoh/ hpsor|phqw lv xqfkdqjhg/
vr �t A lv dw ohdvw dv jrrg dv hyhu| rwkhu nlqg ri wdujhwlqj iru hpsor|phqw1 Vlqfh
hpsor|phqw lv xqfkdqjhg/ + idoov dqg Z ulvhv e| dprxqwv wkdw duh htxdo lq devroxwh
ydoxh wr wkh lqfuhdvh lq %1 Wkh -

Z+

vfkhgxoh kdv d vorsh ri qhjdwlyh rqh/ vr li lw zhuh
gudzq lq rq Iljxuh 6/ Sdqho F4/ lw zrxog fxw wkh pdunhg sduw ri wkh �7

�
vfkhgxoh1

Wkhuhiruh/ wkh udqnlqj ri �t A dqg PA iru wkh sulfh ohyho dqg rxwsxw lv dpeljxrxv1
�t A lv ehwwhu wkdq PA iru hpsor|phqw h{fhsw lq wkh vshfldo fdvh lq zklfk wkh| duh
h{dfwo| wkh vdph1

�A lv ehwwhu iru wkh sulfh ohyho dqg zruvh iru rxwsxw wkdq dq| rwkhu nlqg ri
wdujhwlqj1 Xqghu �A / hpsor|phqw lqfuhdvhv ehfdxvh wkh htxloleulxp lv deryh wkh �t
vfkhgxoh/ vr �A lv zruvh iru hpsor|phqw wkdq �t A 1 t A� lv zruvh iru wkh sulfh ohyho
dqg ehwwhu iru rxwsxw wkdq dq| rwkhu nlqg ri wdujhwlqj1 Xqghu t A�/ hpsor|phqw
idoov ehfdxvh wkh htxloleulxp lv ehorz wkh �t / vr t A� lv zruvh iru hpsor|phqw wkdq
�t A 1 Iru hpsor|phqwv/ wkh udqnlqj ri PA / �A / dqg t A� ghshqgv rq sdudphwhu
ydoxhv1

61519 Wkh Sulfh Ohyho lq wkh Ohyhov Prgho dqg wkh Frpelqdwlrq Prgho

Wkhuh lv dq lpsruwdqw gl�huhqfh ehwzhhq wkh ohyhov prgho dqg wkh frpelqdwlrq prgho1
Lq wkh ohyhov prgho wrgd|*v vkrfnv gr qrw d�hfw wkh h{shfwhg ixwxuh sulfh ohyho/ exw
lq wkh frpelqdwlrq prgho wkh| gr1

Dv dq looxvwudwlrq ri wklv gl�huhqfh/ zh frpsduh wkh h�hfwv rq wkh h{shfwhg ixwxuh
sulfh ohyho ri d srvlwlyh surgxfwlylw| vkrfn zlwk �t A lq wkh ohyhov prgho wr wkrvh zlwk
�t A lq wkh frpelqdwlrq prgho1 Wkh sulfh ohyho idoov e| wkh vdph dprxqw zlwk �t A
dqg �t A 1 Zlwk �t A / djhqwv h{shfw wkdw wrpruurz wkh prqhwdu| dxwkrulw| zloo
uhvwruh wkh sulfh ohyho wr lwv wdujhw ohyho/ vr wkh h{shfwhg udwh ri lq dwlrq lv srvlwlyh/

59Fkdqjhv lq dvvxpswlrq derxw wkh vorsh ri U
�

lq wkh frpelqdwlrq prgho kdyh wkh vdph lpsol0
fdwlrqv iru wkh h�hfwv rq yduldeohv dv wkh dqdorjrxv fkdqjhv lq dvvxpswlrq derxw wkh vorsh ri U

p)l

lq wkh ohyhov prgho iru doo yduldeohv h{fhsw wkh qrplqdo lqwhuhvw udwh dqg h{shfwhg lq dwlrq1
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exw zlwk �t A / wkh| h{shfw wkdw wrpruurz wkh prqhwdu| dxwkrulw| zloo ohdyh wkh
sulfh ohyho dw wkh dfwxdo ydoxh uhdol}hg wrgd| vr wkdw wkh udwh ri lq dwlrq zloo eh dw
lwv wdujhw ydoxh ri }hur1 Vlqfh h{shfwhg udwhv ri lq dwlrq duh gl�huhqw xqghu wkh wzr
w|shv ri wdujhwlqj vr duh qrplqdo lqwhuhvw udwhv1 Wkhuhiruh/ � idoov e| ohvv zlwk �t A
wkdq zlwk �t A ehfdxvh lw grhv qrw kdyh wr idoo e| wkh ixoo dprxqw qhfhvvdu| wr
orzhu wkh h{shfwhg uhdo lqwhuhvw udwh e| wkh uhtxluhg dprxqw1 Li wkhuh zhuh qr ixuwkhu
glvwxuedqfhv diwhu wrgd|/ wkh sulfh ohyho zrxog eh dw lwv xqfkdqjhg wdujhw ydoxh iurp
wrpruurz rq zlwk �t A exw zrxog eh shupdqhqwo| orzhu zlwk �t A 1

Lq jhqhudo/ lq wkh ohyhov prgho wkh h{shfwhg ydoxh ri wkh sulfh ohyho dw dq| wlph
lq wkh ixwxuh edvhg rq wrgd|*v lqirupdwlrq lv lqghshqghqw ri wrgd|*v vkrfnv dqg wkh
ydoxhv ri yduldeohv lq doo suhylrxv shulrgv1 Wkdw lv/ lw iroorzv iurp htxdwlrq +75, wkdw

R
|n&�|

' fc & ' �c � � � c4� +7:,

Krzhyhu/ lq wkh frpelqdwlrq prgho wkh h{shfwhg ydoxh ri wkh sulfh ohyho dw dq| wlph
lq wkh ixwxuh edvhg rq wrgd|*v lqirupdwlrq ghshqgv rq wrgd|*v vkrfnv dqg odjjhg
ydoxhv ri wkh sulfh ohyho dqg wkh prqh| vxsso|1 Wkdw lv/ lw iroorzv iurp htxdwlrqv +77,
dqg +78, dqg wkh vroxwlrqv iru +
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7 Wkh Prgho zlwk Zdjh dqg Sulfh Vwlfnlqhvv

714 Wkh Ohyhov Uhdfwlrq Ixqfwlrq

71414 Wkh Ixoo Ohyhov Prgho

Wkh ohyhov prgho zlwk zdjh dqg sulfh vwlfnlqhvv lv rewdlqhg e| dvvxplqj wkdw wkhuh
duh erwk rqh0shulrg zdjh frqwudfwv dqg rqh0shulrg sulfh frqwudfwv1 Rqh0shulrg zdjh
frqwudfwv duh ghvfulehg lq wkh suhylrxv vhfwlrq/ vr zh ghvfuleh rqo| rqh0shulrg sulfh
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frqwudfwv khuh1 Hdfk �up dqg doo krxvhkrogv djuhh rq wrgd|*v sulfh iru wkdw �up*v
rxwsxw edvhg rq lqirupdwlrq dydlodeoh dv ri |hvwhugd|/ dqg hdfk �up djuhhv wr vxsso|
zkdwhyhu dprxqw ri lwv rxwsxw krxvhkrogv zdqw dw lwv frqwudfw sulfh1 Wkh sulfh iru
hdfk �up lv vhw vr wkdw wkh pdujlqdo ydoxh surgxfw iru wkdw �up lv htxdo wr wkh uhdo
zdjh iru d exqgoh ri oderu pdgh xs ri dq htxdo dprxqw ri oderu iurp hdfk krxvhkrog1
Wkh htxdwlrqv iru erwk qrwlrqdo oderu ghpdqg dqg qrwlrqdo oderu vxsso| duh xvhg
dorqj zlwk doo wkh rwkhu htxdwlrqv ri wkh qrwlrqdo ohyhov prgho lq vhwwlqj wkh frqwudfw
zdjh dqg frqwudfw sulfh/ exw erwk htxdwlrqv duh rplwwhg iurp wkh ixoo ohyhov prgho
zlwk zdjh dqg sulfh vwlfnlqhvv15:

Lq sduwlfxodu/ wrgd|*v qrplqdo zdjh dqg sulfh duh ghwhuplqhg e| wdnlqj h{shf0
wdwlrqv ri wkh qrwlrqdo ohyhov prgho lq Wdeoh 5 zlwk � $ 4 edvhg rq |hvwhugd|*v
lqirupdwlrq dqg vhwwlqj wkh qrplqdo zdjh htxdo wr wkh h{shfwhg qrplqdo zdjh dqg
wkh sulfh htxdo wr wkh h{shfwhg sulfh1 Lw iroorzv iurp wkh glvfxvvlrq ri wkh ohyhov
prgho zlwk rqo| zdjh vwlfnlqhvv wkdw

� ' �
�3�

' fc +83,

R ' R
�3�

' f� +84,

Wkh ixoo ohyhov prgho zlwk zdjh dqg sulfh vwlfnlqhvv lv vkrzq lq Wdeoh :1 Lw lv rewdlqhg
e| ehjlqqlqj zlwk wkh qrwlrqdo ohyhov prgho lq Wdeoh 5/ gursslqj wkh htxdwlrqv iru
qrwlrqdo oderu vxsso| dqg qrwlrqdo oderu ghpdqg/ dqg pdnlqj xvh ri wkh lqirupdwlrq
lq +75,/ +83,/ dqg +84,1

Wdeoh := Ixoo Ohyhov Prgho zlwk Zdjh dqg Sulfh Vwlfnlqhvv

+ ' E�� k� , n % surgxfwlrq ixqfwlrq W:04
R ' f sulfh vhwwlqj W:05
� ' f zdjh vhwwlqj W:06
j+ ' �E� n R� n L djjuhjdwh ghpdqg W:07
6 ' Rn �+ � 0�n � prqh| pdunhw htxloleulxp W:08
� ' b

6

6n b
+

+ n b
R

R uhdfwlrq ixqfwlrq W:09

71415 Wkh Vfkhgxohv dqg d Uhodwlrq iru wkh Ohyhov Prgho

Wkh htxdwlrqv iru wkh vfkhgxohv dqg d uhodwlrq xvhg wr dqdo|}h wkh ohyhov prgho zlwk
zdjh dqg sulfh vwlfnlqhvv duh vkrzq lq Wdeoh ;/ dqg wkh vfkhgxohv duh sorwwhg lq Rc +
vsdfh lq Iljxuh 4/ Sdqho H1

Wkh djjuhjdwh vxsso| vfkhgxoh dqg wkh qrplqdo lqfrph0hpsor|phqw uhodwlrq lq
wkh ohyhov prgho zlwk zdjh dqg sulfh vwlfnlqhvv duh gl�huhqw iurp wkrvh lq wkh ohyhov

5:Li oderu zhuh qrw wkh rqo| frvwohvvo| dgmxvwdeoh idfwru ri surgxfwlrq/ wkh dvvxpswlrq ri sulfh
vwlfnlqhvv zrxog qrw lpso| ohdylqj wkh uhdo zdjh dqg wkh djjuhjdwh pdujlqdo surgxfw ri oderu hqwluho|
rxw ri dffrxqw1 Iru h{dpsoh/ li wkh prgho lqfoxghg frvwohvvo| dgmxvwdeoh fdslwdo dv zhoo dv frvwohvvo|
dgmxvwdeoh oderu/ dqg li wkh surgxfwlrq ixqfwlrq zhuh frqvwdqw uhwxuqv wr vfdoh/ wkh fdslwdo0oderu
udwlr zrxog eh ghwhuplqhg e| wkh frqglwlrq wkdw wkh zdjh0uhqwdo udwlr htxdo wkh udwlr ri wkh pdujlqdo
surgxfw ri oderu wr wkh pdujlqdo surgxfw ri fdslwdo/ dqg �upv zrxog xvh wkh surgxfwlrq ixqfwlrq wr
ghwhuplqh wkh dprxqwv ri erwk idfwruv qhfhvvdu| wr vdwlvi| ghpdqg dw wkh �{hg sulfh1
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prgho zlwk zdjh vwlfnlqhvv frqvlghuhg lq wkh suhylrxv vhfwlrq/ exw wkh rwkhu wkuhh
uhodwlrqvklsv lq Wdeoh ; duh lghqwlfdo wr wkh fruuhvsrqglqj uhodwlrqvklsv lq Wdeoh 71
�7 lq wkh ohyhov prgho zlwk zdjh dqg sulfh vwlfnlqhvv lv krul}rqwdo ehfdxvh �upv
djuhh wr surgxfh dq| dprxqw ghpdqghg dw wkh sulfh �{hg lq wkh rqh0shulrg frqwudfw1
Lwv htxdwlrq/ +W;04,/ lv lghqwlfdo wr wkh sulfh vhwwlqj htxdwlrq +W:05,1 Wkh qrplqdo
lqfrph0hpsor|phqw uhodwlrq/ +W;08,/ lq wkh ohyhov prgho zlwk zdjh dqg sulfh vwlfn0
lqhvv lv rewdlqhg e| dgglqj htxdwlrqv +W:04, dqg +W:05,1 Li wkhuh lv d surgxfwlylw|
vkrfn/ wkhuh lv qrw d rqh0wr0rqh uhodwlrqvkls ehwzhhq wkh fkdqjh lq qrplqdo lqfrph
dqg wkh fkdqjh lq hpsor|phqw1

Wdeoh ;= Vfkhgxohv dqg Uhodwlrq iru Ohyhov Prgho zlwk Zdjh dqg Sulfh Vwlfnlqhvv

R ' f �7 vfkhgxoh W;04
j+ ' �E� n R� n L �( vfkhgxoh W;05
� '

�
b+nb6�

�nb60

�
+ n

�
bRnb6

�nb60

�
Rn

�
b6

�nb60

�
� - vfkhgxoh W;06

Rn + ' f �t frqvwdqw vfkhgxoh W;07
Rn + ' E�� k� , n % �t wr u uhodwlrq W;08

71416 Prqh| Ghpdqg Vkrfnv

Zlwk erwk zdjh dqg sulfh vwlfnlqhvv/ mxvw dv zlwk rqo| zdjh vwlfnlqhvv/ iru prqh|
ghpdqg vkrfnv/ UA / �A / t Au/ dqg �t A duh htxlydohqw/ dqg �A lv zruvh iru doo
yduldeohv ehfdxvh xqghu UA / �A / t Au/ dqg �t A prqh| ghpdqg vkrfnv gr qrw fdxvh
wkh lqwhuhvw udwh wr fkdqjh/ exw xqghu �A wkh| gr1

Xqghu UA dqg �A +Iljxuh 7/ Sdqho D4, dq lqfuhdvh lq � vkliwv wkh -
6:�

vfkhgxoh
grzq vd| wr -

6:�c�
/ dqg wkhuh lv xszdug suhvvxuh rq �� Xqghu UA / wkh -

6:�
vfkhgxoh

vkliwv edfn yluwxdoo| doo wkh zd| wr lwv lqlwldo srvlwlrq/ dqg wkh �( vfkhgxoh vkliwv
grzq kdugo| dw doo/ vr wkh qhz htxloleulxp lv dw yluwxdoo| wkh vdph srlqw dv wkh
rog rqh/ srlqw @/ vr �/ +/ R/ dqg/ wkhuhiruh/ R n + dqg , uhpdlq yluwxdoo| xqfkdqjhg1
Xqghu�A / -

6:�
vkliwv xs dqg �( vkliwv grzq xqwlo wkh| lqwhuvhfw vrphzkhuh rq wkh

pdunhg sduw ri wkh �7 vfkhgxoh ehwzhhq srlqwv @ dqg K dqg ehorz wkh �t vfkhgxoh1
Lq wkh qhz htxloleulxp/ � lv kljkhu dqg +/ R/ dqg/ wkhuhiruh/ Rn + dqg , duh orzhu1

Xqghu �A / t Au/ dqg �t A +Iljxuh 7/ Sdqho D5,/ dq lqfuhdvh lq � kdv yluwxdoo|
qr h�hfw rq wkh -

R

/ -
+

/ dqg -
R+

vfkhgxohv/ uhvshfwlyho|1 Wkhuh lv yluwxdoo| qr vkliw lq
wkh �( vfkhgxoh1 Dv d uhvxow/ �/ +/ dqg R dqg/ wkhuhiruh/ Rn + dqg , uhpdlq yluwxdoo|
xqfkdqjhg1

71417 Jrrgv Ghpdqg Vkrfnv

Zlwk erwk zdjh dqg sulfh vwlfnlqhvv/ mxvw dv zlwk rqo| zdjh vwlfnlqhvv/ iru jrrgv
ghpdqg vkrfnv/ �A / t Au/ dqg �t A duh ehwwhu wkdq �A zklfk lv ehwwhu wkdq UA
iru doo yduldeohv1 Dq lqfuhdvh lq wkh ghpdqg iru jrrgv/ dq lqfuhdvh lq L / fdxvhv wkh
�( vfkhgxoh wr vkliw xs iurp �(

f
wr �(

�
lq Iljxuh 7/ Sdqhov E4 dqg E51

Iluvw zh frqvlghu UA dqg �A xvlqj Iljxuh 7/ Sdqho E41 Xqghu UA / � uhpdlqv
yluwxdoo| xqfkdqjhg/ vr wkh qhz htxloleulxp lv duelwudulo| forvh wr wkh lqwhuvhfwlrq ri
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wkh �(
�
dqg �7 vfkhgxohv dw srlqw K zklfk lv deryh wkh �t vfkhgxoh1 Lq wkh qhz

htxloleulxp/ R/ +/ dqg/ wkhuhiruh/ Rn+/ dqg , duh doo kljkhu1 Xqghu �A / � lv lqfuhdvhg
lq rughu wr suhyhqw dq lqfuhdvh lq 61 Wkh qhz htxloleulxp olhv rq wkh pdunhg sduw ri
wkh �7 vfkhgxoh ehwzhhq srlqwv @ dqg K dqg deryh wkh �t vfkhgxoh1 R lv xqfkdqjhg/
exw �/ +/ dqg/ wkhuhiruh/ R n +/ dqg , duh doo kljkhu1 Krzhyhu/ wkh lqfuhdvhv lq doo wkh
yduldeohv exw � duh vpdoohu xqghu �A wkdq xqghu UA ehfdxvh vpdoohu lqfuhdvhv lq +
duh uhtxluhg wr uhhtxloleudwh wkh jrrgv pdunhwv zkhq � lv lqfuhdvhg1

Qrz zh frqvlghu �A / t Au/ dqg �t A xvlqj Iljxuh 7/ Sdqho E51 Xqghu �A /
t Au/ dqg �t A / wkh qhz htxloleulxp lv dw wkh vdph srlqw dv wkh lqlwldo htxloleulxp/
srlqw @ rq wkh �t vfkhgxoh1 Lq rughu wr nhhs Rn + frqvwdqw/ � pxvw eh lqfuhdvhg e|
hqrxjk wr vkliw wkh �( vfkhgxoh doo wkh zd| edfn wr lwv ruljlqdo srvlwlrq1 Vlqfh R lv
�{hg/ vwdelol}lqj Rn + dqg/ wkhuhiruh/ , lv htxlydohqw wr vwdelol}lqj +1 Wkh lqfuhdvh lq
� pxvw eh odujhu xqghu �A / t Au/ dqg �t A wkdq xqghu �A ehfdxvh + ulvhv xqghu
�A 1

71418 Surgxfwlylw| Vkrfnv

Iru surgxfwlylw| vkrfnv/ wkh h�hfwv rq doo wkh yduldeohv xqghu doo w|shv ri wdujhwlqj
duh wkh vdph1 Lw lv fohdu iurp Wdeoh ;/ wkdw dq lqfuhdvh lq surgxfwlylw|/ dq lqfuhdvh
lq %/ kdv qr h�hfw rq dq| ri wkh vfkhgxohv1 Lq sduwlfxodu/ vlqfh �upv djuhh wr vxs0
so| zkdwhyhu rxwsxw lv ghpdqghg dw wkh �{hg frqwudfw sulfh/ �7 lv qrw d�hfwhg1
Wkhuhiruh/ xqghu doo irupv ri ohyhov wdujhwlqj/ surgxfwlylw| vkrfnv kdyh qr h�hfw rq
dq| yduldeoh h{fhsw hpsor|phqw1 Hpsor|phqw pxvw eh uhgxfhg ehfdxvh rxwsxw gh0
pdqghg lv xqfkdqjhg1 Lw iroorzv wkdw li wkh prqhwdu| dxwkrulwlhv zdqw wr uhgxfh ru
holplqdwh ghyldwlrqv lq hpsor|phqw iurp lwv vwhdg| vwdwh ydoxh/ wkh| pxvw fkrrvh
d uhdfwlrq ixqfwlrq wkdw lqfoxghv hpsor|phqw ghyldwlrqv xqolnh wkh ohyhov uhdfwlrq
ixqfwlrq frqvlghuhg lq wklv sdshu1

715 Wkh Frpelqdwlrq Uhdfwlrq Ixqfwlrq

71514 Wkh Ixoo Frpelqdwlrq Prgho

Wkh frpelqdwlrq prgho zlwk zdjh dqg sulfh vwlfnlqhvv lv dovr rewdlqhg e| dvvxplqj
wkdw wkhuh duh erwk rqh0shulrg zdjh dqg sulfh frqwudfwv1 Wkh htxdwlrqv iru erwk
qrwlrqdo oderu ghpdqg dqg qrwlrqdo oderu vxsso| duh xvhg dorqj zlwk doo wkh rwkhu
htxdwlrqv ri wkh qrwlrqdo frpelqdwlrq prgho lq vhwwlqj wkh frqwudfw zdjh htxdo wr wkh
h{shfwhg zdjh dqg wkh frqwudfw sulfh plqxv |hvwhugd|*v sulfh htxdo wr wkh h{shfwhg
udwh ri lq dwlrq ehwzhhq |hvwhugd| dqg wrgd| edvhg rq |hvwhugd|*v lqirupdwlrq/ exw
erwk htxdwlrqv duh rplwwhg iurp wkh ixoo frpelqdwlrq prgho zlwk zdjh dqg sulfh
vwlfnlqhvv1 Lq sduwlfxodu/ wrgd|*v qrplqdo zdjh lv ghwhuplqhg e| wdnlqj h{shfwdwlrqv
ri wkh qrwlrqdo frpelqdwlrq prgho lq Wdeoh 5 zlwk � $ 4 edvhg rq |hvwhugd|*v
lqirupdwlrq1 Lw iroorzv iurp wkh glvfxvvlrq ri wkh frpelqdwlrq prgho zlwk rqo| zdjh
vwlfnlqhvv wkdw

� ' �
�3�

' R
�3�

' Z
�3�

n R
3�
c +85,

R� R
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' R
�3�
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3�

' Z
�3�

� +86,
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Wkh ixoo frpelqdwlrq prgho zlwk zdjh dqg sulfh vwlfnlqhvv lv vkrzq lq Wdeoh <1 Lw
lv rewdlqhg e| ehjlqqlqj zlwk wkh qrwlrqdo frpelqdwlrq prgho lq Wdeoh 5/ gursslqj
wkh htxdwlrqv iru qrwlrqdo oderu vxsso| dqg qrwlrqdo oderu ghpdqg/ dqg pdnlqj xvh
ri wkh lqirupdwlrq lq +77,/ +78,/ +85,/ dqg +86,1

Wdeoh <= Ixoo Frpelqdwlrq Prgho zlwk Zdjh dqg Sulfh Vwlfnlqhvv

+ ' E�� k� , n % surgxfwlrq ixqfwlrq W<04
R� R

3�
' Z

�3�
sulfh vhwwlqj W<05

� ' Z
�3�

n R
3�

zdjh vhwwlqj W<06

j+ ' �
�
�� �

>

�

Z
n�

>

E�+ � 0� n ��
�
n L djjuhjdwh ghpdqg W<07

6 ' Rn �+ � 0� n � prqh| pdunhw htxloleulxp W<08
� ' �

>

>n �
+

+ n �
Z

Z uhdfwlrq ixqfwlrq W<09
Z ' R� R

3�
lq dwlrq gh�qlwlrq W<0:

> ' 6�6
3�

prqh| jurzwk gh�qlwlrq W<0;

71515 Wkh Vfkhgxohv dqg d Uhodwlrq iru wkh Frpelqdwlrq Prgho

Wkh htxdwlrqv iru wkh vfkhgxohv dqg d uhodwlrq xvhg wr dqdo|}h wkh frpelqdwlrq prgho
zlwk zdjh dqg sulfh vwlfnlqhvv duh vkrzq lq Wdeoh 43/ dqg wkh vfkhgxohv duh sorwwhg
lq Zc + vsdfh lq Iljxuh 4/ Sdqho I1

Wdeoh 43= Vfkhgxohv dqg Uhodwlrq iru Frpelqdwlrq Prgho zlwk Zdjh dqg Sulfh Vwlfnlqhvv

Z ' Z
�3�

�7 vfkhgxoh W4304�
j � �
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Z
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�n�
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Z
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- vfkhgxoh W4306

Z n + ' f �t frqvwdqw vfkhgxoh W4307
Z n + ' E�� k� , n %n Z

�3�
�t wr u uhodwlrq W4308

Wkhuh duh gl�huhqfhv ehwzhhq wkh djjuhjdwh vxsso| vfkhgxoh dqg wkh lq dwlrq soxv
rxwsxw0hpsor|phqw uhodwlrq lq wkh frpelqdwlrq prgho zlwk zdjh dqg sulfh vwlfnlqhvv
dqg wkrvh lq wkh frpelqdwlrq prgho zlwk zdjh vwlfnlqhvv frqvlghuhg lq wkh suhylrxv
vhfwlrq dqg wkhvh gl�huhqfhv duh hvvhqwldoo| wkh vdph dv wkh gl�huhqfhv ehwzhhq wkh
fruuhvsrqglqj uhodwlrqvklsv lq wkh ohyhov prghov zlwk wkh fruuhvsrqglqj dvvxpswlrqv
derxw qrplqdo vwlfnlqhvv1 Wkh rwkhu wkuhh uhodwlrqvklsv lq Wdeoh 43 duh lghqwlfdo wr
wkh fruuhvsrqglqj uhodwlrqvklsv lq Wdeoh 9 dqg Iljxuh 4/ Sdqho E1 �7 lv krul}rqwdo
ehfdxvh �upv djuhh wr surgxfh dq| dprxqw ghpdqghg dw wkh lq dwlrq udwh lpsolhg
e| wkh sulfh �{hg lq wkh rqh0shulrg frqwudfw1 Lwv htxdwlrq/ +W4304,/ lv wkh lghqwlfdo
wr wkh sulfh vhwwlqj htxdwlrq +W<05,1 Wkh lq dwlrq soxv rxwsxw0hpsor|phqw uhodwlrq/
+W4308,/ lq wkh frpelqdwlrq prgho zlwk zdjh dqg sulfh vwlfnlqhvv lv rewdlqhg e|
dgglqj htxdwlrqv +W<04, dqg +W<05,1 Li wkhuh lv d surgxfwlylw| vkrfn wkhuh lv qrw d
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rqh0wr0rqh uhodwlrqvkls ehwzhhq wkh fkdqjh lq lq dwlrq soxv rxwsxw dqg wkh fkdqjh
lq hpsor|phqw1

71516 Prqh| Ghpdqg Vkrfnv

Zlwk erwk zdjh dqg sulfh vwlfnlqhvv/ mxvw dv zlwk rqo| zdjh vwlfnlqhvv/ iru prqh|
ghpdqg vkrfnv/ �A / t A� dqg �t A duh htxlydohqw/ dqgPA lv zruvh iru doo yduldeohv1
Xqghu PA +Iljxuh 8/ Sdqho D4, dq lqfuhdvh lq � vkliwv wkh -

>

vfkhgxoh grzq vd|
wr -

>c�
/ dqg wkhuh lv xszdug suhvvxuh rq �1 -

>

vkliwv xs dqg �( vkliwv grzq xqwlo
wkh| lqwhuvhfw vrphzkhuh rq wkh pdunhg sduw ri wkh �7

f
vfkhgxoh ehwzhhq srlqwv @

dqg K dqg ehorz wkh �t vfkhgxoh1 Lq wkh qhz htxloleulxp/ � lv kljkhu dqg +/ Z/ dqg/
wkhuhiruh/ Zn + dqg , duh orzhu1 Xqghu �A / t A� dqg �t A +Iljxuh 8/ Sdqho D5,/ dq
lqfuhdvh lq � kdv yluwxdoo| qr h�hfw rq wkh -

Z

/ -
+

/ dqg -
Z+

vfkhgxohv/ uhvshfwlyho|1
Wkhuh lv yluwxdoo| qr vkliw lq wkh �( vfkhgxoh1 Dv d uhvxow/ �/ +/ dqg Z dqg/ wkhuhiruh/
Z n + dqg , uhpdlq yluwxdoo| xqfkdqjhg1

71517 Jrrgv Ghpdqg Vkrfnv

Zlwk erwk zdjh dqg sulfh vwlfnlqhvv/ mxvw dv zlwk rqo| zdjh vwlfnlqhvv/ iru jrrgv gh0
pdqg vkrfnv/ �A / t A�/ dqg �t A duh htxlydohqw/ dqg PA lv zruvh iru doo yduldeohv1
Dq lqfuhdvh lq wkh ghpdqg iru jrrgv/ dq lqfuhdvh lq L / fdxvhv wkh �( vfkhgxoh wr
vkliw uljkw iurp �(

f
wr �(

�
lq Iljxuh 8/ Sdqhov E4 dqg E51 Xqghu PA +Iljxuh 8/

Sdqho E4,/ � lv lqfuhdvhg lq rughu wr suhyhqw dq lqfuhdvh lq >1 Wkh qhz htxloleulxp
olhv rq wkh pdunhg sduw ri wkh �7 vfkhgxoh ehwzhhq srlqwv @ dqg K dqg deryh wkh �t
vfkhgxoh1 Z lv xqfkdqjhg/ exw �/ + dqg/ wkhuhiruh/ Z n + dqg , duh doo kljkhu1 Xqghu
�A / t A�/ dqg �t A +Iljxuh 8/ Sdqho E5,/ wkh qhz htxloleulxp lv dw wkh vdph srlqw
dv wkh lqlwldo htxloleulxp/ srlqw @1 � pxvw eh lqfuhdvhg e| hqrxjk wr vkliw wkh �(
vfkhgxoh doo wkh zd| edfn wr lwv ruljlqdo srvlwlrq1 Vlqfh Z lv �{hg/ vwdelol}lqj Z n +
dqg/ wkhuhiruh/ , lv htxlydohqw wr vwdelol}lqj +1

71518 Surgxfwlylw| Vkrfnv

Iru surgxfwlylw| vkrfnv/ wkh h�hfwv rq doo wkh yduldeohv xqghu doo w|shv ri wdujhwlqj
duh wkh vdph lq wkh frpelqdwlrq prgho mxvw dv lq wkh ohyhov prgho1 Lw lv fohdu iurp
Wdeoh 43 wkdw dq lqfuhdvh lq surgxfwlylw|/ dq lqfuhdvh lq %/ kdv qr h�hfw rq dq| ri wkh
vfkhgxohv1 Wkhuhiruh/ xqghu doo irupv ri frpelqdwlrq wdujhwlqj/ surgxfwlylw| vkrfnv
kdyh qr h�hfw rq dq| yduldeoh h{fhsw hpsor|phqw1 Hpsor|phqw pxvw eh uhgxfhg
ehfdxvh rxwsxw ghpdqghg lv xqfkdqjhg1 Lw iroorzv wkdw li wkh prqhwdu| dxwkrulwlhv
zdqw wr uhgxfh ru holplqdwh ghyldwlrqv lq hpsor|phqw iurp lwv vwhdg| vwdwh ydoxh/ wkh|
pxvw fkrrvh d uhdfwlrq ixqfwlrq wkdw lqfoxghv hpsor|phqw ghyldwlrqv xqolnh erwk wkh
ohyhov dqg frpelqdwlrq uhdfwlrq ixqfwlrqv frqvlghuhg lq wklv sdshu1
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8 Wkh Prgho zlwk Sulfh Vwlfnlqhvv

814 Wkh Ohyhov Uhdfwlrq Ixqfwlrq

Wkh ohyhov prgho zlwk sulfh vwlfnlqhvv lv rewdlqhg e| dvvxplqj wkdw wkhuh duh rqh0
shulrg sulfh frqwudfwv exw wkdw zdjhv duh shuihfwo|  h{leoh1 Wkh htxdwlrq iru qrwlrqdo
oderu ghpdqg lv xvhg dorqj zlwk doo wkh rwkhu htxdwlrqv ri wkh qrwlrqdo ohyhov prgho
lq vhwwlqj wkh sulfh/ exw lw lv rplwwhg iurp wkh ixoo ohyhov prgho zlwk sulfh vwlfnlqhvv
zklfk lv xvhg iru ghwhuplqlqj wkh rwkhu yduldeohv1

Lq sduwlfxodu/ wrgd|*v sulfh lv ghwhuplqhg e| wdnlqj h{shfwdwlrqv ri wkh qrwlrqdo
ohyhov prgho lq Wdeoh 5 zlwk � $ 4 edvhg rq |hvwhugd|*v lqirupdwlrq dqg vhwwlqj wkh
sulfh htxdo wr wkh h{shfwhg sulfh1 Lw iroorzv iurp wkh glvfxvvlrq ri wkh ohyhov prgho
zlwk rqo| zdjh vwlfnlqhvv wkdw

R ' R
�3�

' f� +87,

Wkh ixoo vhw ri htxloleulxp htxdwlrqv iru wkh ohyhov prgho zlwk sulfh vwlfnlqhvv duh
vkrzq lq Wdeoh 441 Wkh| duh rewdlqhg e| ehjlqqlqj zlwk wkh qrwlrqdo ohyhov prgho
lq Wdeoh 5/ gursslqj wkh htxdwlrq iru qrwlrqdo oderu ghpdqg/ dqg pdnlqj xvh ri wkh
lqirupdwlrq lq +75, dqg +87,1

Wdeoh 44= Ixoo Ohyhov Prgho zlwk Sulfh Vwlfnlqhvv

+ ' E�� k� , n % surgxfwlrq ixqfwlrq W4404
R ' f sulfh vhwwlqj W4405
� � R ' �, n j+ � L oderu vxsso| W4406
j+ ' �E�n R� n L djjuhjdwh ghpdqg W4407
6 ' Rn �+ � 0�n � prqh| pdunhw htxloleulxp W4408
� ' b

6

6n b
+

+ n b
R

R uhdfwlrq ixqfwlrq W4409

Lw iroorzv iurp wkh lqirupdwlrq lq Wdeohv : dqg 44 wkdw wkh djjuhjdwh vxsso|/
djjuhjdwh ghpdqg/ uhdfwlrq/ dqg qrplqdo0lqfrph0frqvwdqw vfkhgxohv dqg wkh qrplqdo
lqfrph0hpsor|phqw uhodwlrqvkls iru wkh ohyhov prgho zlwk rqo| sulfh vwlfnlqhvv duh
wkh vdph dv wkrvh iru wkh ohyhov prgho zlwk erwk zdjh dqg sulfh vwlfnlqhvv1 Wkh
rqo| gl�huhqfh ehwzhhq Wdeohv : dqg 44 lv wkdw htxdwlrq W:06 lv qrw wkh vdph dv
htxdwlrq W44061 Krzhyhu/ qhlwkhu ri wkhvh htxdwlrqv hqwhuv lqwr wkh frqvwuxfwlrq ri
wkh vfkhgxohv dqg wkh qrplqdo lqfrph0hpsor|phqw uhodwlrq iru lwv uhvshfwlyh prgho1
Wkhuhiruh/ wkh uhvxowv iru doo yduldeohv h{fhsw qrplqdo zdjhv iru doo nlqgv ri vkrfnv
xqghu doo irupv ri wdujhwlqj pxvw eh wkh vdph lq wkh wzr prghov1 Wkh qrplqdo zdjh
lv ghwhuplqhg uhfxuvlyho| e| wkh oderu vxsso| ixqfwlrq lq wkh ohyhov prgho zlwk rqo|
sulfh vwlfnlqhvv1 Lw lv suhghwhuplqhg lq wkh ohyhov prgho zlwk erwk zdjh dqg sulfh
vwlfnlqhvv1

Xqghu rxu suhvxpswlrq wkdw oderu vxsso| lv txlwh lqhodvwlf/ dq| vljql�fdqw hp0
sor|phqw yduldwlrq zrxog kdyh wr eh dvvrfldwhg zlwk vljql�fdqw qrplqdo +dqg uhdo,
zdjh yduldwlrq lq wkh prgho zlwk rqo| sulfh vwlfnlqhvv15;

5;Lw vhhpv xqolnho| wr xv wkdw wkh zrunlqjv ri wkh hfrqrp| duh ehvw ghvfulehg e| vwlfn| sulfh0
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815 Wkh Frpelqdwlrq Uhdfwlrq Ixqfwlrq

D olqh ri dujxphqw dqdorjrxv wr wkh olqh ri dujxphqw lq wkh suhylrxv vxevhfwlrq
ohdgv wr wkh frqfoxvlrq wkdw iru doo wkh yduldeohv h{fhsw qrplqdo zdjhv wkh uhvxowv
iru wkh frpelqdwlrq prgho zlwk sulfh vwlfnlqhvv duh wkh vdph dv wkh uhvxowv iru wkh
frpelqdwlrq prgho zlwk erwk zdjh dqg sulfh vwlfnlqhvv1 Wkh frpelqdwlrq prgho zlwk
sulfh vwlfnlqhvv lv rewdlqhg e| dvvxplqj wkdw wkhuh duh rqh0shulrg sulfh frqwudfwv exw
wkdw zdjhv duh shuihfwo|  h{leoh1 Wkh htxdwlrq iru qrwlrqdo oderu ghpdqg lv xvhg dorqj
zlwk doo wkh rwkhu htxdwlrqv ri wkh qrwlrqdo frpelqdwlrq prgho lq vhwwlqj wkh udwh ri
lq dwlrq lpsolhg e| wkh frqwudfw sulfh/ exw lw lv rplwwhg iurp wkh ixoo frpelqdwlrq
prgho zlwk sulfh vwlfnlqhvv1

Lq sduwlfxodu/ wrgd|*v frqwudfw sulfh lv ghwhuplqhg e| wdnlqj h{shfwdwlrqv ri wkh
qrwlrqdo frpelqdwlrq prgho lq Wdeoh 5 zlwk � $ 4 edvhg rq |hvwhugd|*v lqirupdwlrq
dqg vhwwlqj wrgd|*v frqwudfw sulfh plqxv |hvwhugd|*v sulfh htxdo wr h{shfwhg lq dwlrq
ehwzhhq |hvwhugd| dqg wrgd| edvhg rq |hvwhugd|*v lqirupdwlrq1 Lw iroorzv iurp wkh
glvfxvvlrq ri wkh frpelqdwlrq prgho zlwk rqo| zdjh vwlfnlqhvv wkdw

R� R
3�

' R
�3�

� R
3�

' Z
�3�

� +88,

Wkh ixoo vhw ri htxloleulxp htxdwlrqv iru wkh frpelqdwlrq prgho zlwk sulfh vwlfnlqhvv
duh vkrzq lq Wdeoh 451 Wkh| duh rewdlqhg e| ehjlqqlqj zlwk wkh qrwlrqdo frpelqdwlrq
prgho lq Wdeoh 5/ gursslqj wkh htxdwlrq iru qrwlrqdo oderu ghpdqg/ dqg pdnlqj xvh
ri wkh lqirupdwlrq lq +77,/ +78,/ dqg +88,1

Wkhvh htxdwlrqv duh lghqwlfdo wr wkrvh lq Wdeoh 43 h{fhsw wkdw htxdwlrq W4506
lv gl�huhqw iurp htxdwlrq W43061 Wkh qrplqdo zdjh lv ghwhuplqhg uhfxuvlyho| e|
wkh oderu vxsso| ixqfwlrq lq wkh frpelqdwlrq prgho zlwk rqo| sulfh vwlfnlqhvv exw lv
suhghwhuplqhg lq wkh frpelqdwlrq prgho zlwk erwk zdjh dqg sulfh vwlfnlqhvv1

Wdeoh 45= Ixoo Frpelqdwlrq Prgho zlwk Sulfh Vwlfnlqhvv

+ ' E�� k� , n % surgxfwlrq ixqfwlrq W4504
R� R

3�
' Z

3�
sulfh vhwwlqj W4505

� � R ' �, n j+ � L oderu vxsso| W4506

j+ ' �
�
�� �

>

�

Z
n�

>

E�+ � 0�n ��
�
n L djjuhjdwh ghpdqg W4507

6 ' Rn �+ � 0�n � prqh| pdunhw htxloleulxp W4508
� ' �

>

>n �
+

+ n �
Z

Z uhdfwlrq ixqfwlrq W4509
Z ' R� R

3�
lq dwlrq gh�qlwlrq W450:

> ' 6�6
3�

prqh| jurzwk gh�qlwlrq W450;

 h{leoh zdjh prghov1 Krzhyhu/ jlyhq wkh uhfhqw srsxodulw| ri wkhvh prghov/ lw lv lpsruwdqw wr
frqgxfw ixuwkhu lqyhvwljdwlrq ri wkhlu hpslulfdo uhohydqfh1 Wkh| fdqqrw eh glvplvvhg vlpso| e|
revhuylqj wkdw qrplqdo zdjh vfkhgxohv duh vhw lq dgydqfh lq vrph lqgxvwulhv ehfdxvh �upv lq wkrvh
lqgxvwulhv fdq riwhq ydu| wkh dyhudjh krxuo| qrplqdo zdjh sdlg e| fkdqjlqj wkh uhodwlyh dprxqwv ri
vwudljkw0wlph dqg ryhu0wlph oderu wkh| hpsor|1
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9 Frqfoxvlrq
Lq wklv h{huflvh lq vwdelol}dwlrq hfrqrplfv/ zh dqdo|}h wkh fkrlfh ri d prqhwdu| srolf|
uhdfwlrq ixqfwlrq xvlqj wkh vwdqgdug dssurdfk ri Edloh| +4<95, dqg Srroh +4<:3,1
Wkh pdq| lqglylgxdo uhvxowv wkdw duh vxppdul}hg lq Wdeoh 46 surylgh d edvlv iru
vrph jhqhudol}dwlrqv1

Zh frqvlghu wzr �jhqhudo� vshfl�fdwlrqv iru wkh prqhwdu| srolf| uhdfwlrq ixqfwlrq=
d �ohyhov� vshfl�fdwlrq dqg d �frpelqdwlrq� vshfl�fdwlrq1 Lq erwk vshfl�fdwlrqv/ wkh
lqwhuhvw udwh lv wkh lqvwuxphqw ri prqhwdu| srolf|1 Lq wkh ohyhov vshfl�fdwlrq/ wkh
lqwhuhvw udwh uhvsrqgv wr ghyldwlrqv ri wkh prqh| vxsso|/ wkh sulfh ohyho/ dqg wkh
ohyho ri rxwsxw iurp fkrvhq ydoxhv1 Lq wkh frpelqdwlrq vshfl�fdwlrq/ wkh lqwhuhvw
udwh uhvsrqgv wr ghyldwlrqv ri wkh jurzwk lq wkh prqh| vxsso|/ wkh udwh ri lq dwlrq/
dqg wkh ohyho ri rxwsxw iurp fkrvhq ydoxhv1 Wkhvh wzr vshfl�fdwlrqv kdyh doprvw doo
srsxodu prqhwdu| srolf| uhdfwlrq ixqfwlrqv dv vshfldo fdvhv1 Wkh vshfldo fdvhv wkdw zh
frqvlghu khuh duh nhhslqj wkh lqwhuhvw udwh lqvwuxphqw frqvwdqw/ uhihuuhg wr iru euhylw|
dv �lqwhuhvw udwh wdujhwlqj/� dqg xvlqj wkh lqwhuhvw udwh lqvwuxphqw lq wdujhwlqj h{dfwo|
rqh ri wkh iroorzlqj= prqh|/ wkh sulfh ohyho/ rxwsxw/ qrplqdo lqfrph +rxwsxw,/ prqh|
jurzwk/ lq dwlrq/ dqg wkh vxp ri lq dwlrq dqg rxwsxw1

Rxu iudphzrun lv dq rswlpl}lqj prgho1 Zh fdoo rxu prgho �vlpsoh� ehfdxvh zh
dvvxph rqh0shulrg qrplqdo vwlfnlqhvv/ l1l1g1 vkrfnv/ dqg qr fdslwdo dffxpxodwlrq1
Lw lv �xs wr gdwh� lq wkh vhqvh wkdw lw lv d jhqhudo htxloleulxp prgho zlwk udwlrqdo
h{shfwdwlrqv wkdw lqfrusrudwhv wkh lqfuhdvlqjo| srsxodu sdudgljp zlwk prqrsrolvwlf
frpshwlwlrq dprqj �upv dqg prqrsvrqlvwlf frpshwlwlrq dprqj zrunhuv fudiwhg e|
Eodqfkdug dqg Nl|rwdnl +4<;:, xvlqj lqvljkwv iurpGl{lw dqg Vwljolw} +4<::,1 Qrqhwkh0
ohvv/ lw lv surshuo| ylhzhg dv dq h{whqvlrq ri hduolhu �glvhtxloleulxp prghov1� Wkhuh
duh wkuhh ydulhwlhv ri rqh0shulrg qrplqdo vwlfnlqhvv= zdjh vwlfnlqhvv/ zdjh dqg sulfh
vwlfnlqhvv/ dqg sulfh vwlfnlqhvv/ dqg wkuhh nlqgv ri vkrfnv= prqh| ghpdqg vkrfnv/
jrrgv ghpdqg vkrfnv/ dqg surgxfwlylw| vkrfnv1

Dffruglqj wr wkh vwdqgdug dssurdfk/ d jlyhq w|sh ri wdujhwlqj lv �ehwwhu� wkdq
vrph rwkhu w|sh iru d jlyhq yduldeoh dqg nlqg ri vkrfn li lw uhvxowv lq vpdoohu ghyldwlrqv
ri wkh yduldeoh iurp lwv �wdujhw ydoxh1� Lw lv hdv| wr lpdjlqh dq dowhuqdwlyh dssurdfk1
Lq sulqflsoh/ wkh h�hfwv ri vkrfnv xqghu dowhuqdwlyh w|shv ri wdujhwlqj fdq eh frpsduhg
xvlqj wkh xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw1 Krzhyhu/ wkh uhvxowv ri wkh
vwdqgdug dssurdfk duh vwloo ri lqwhuhvw ehfdxvh wkh| fdq eh frpsduhg wr wkrvh ri
hduolhu vwxglhv1 Wkhuh lv d orqj wudglwlrq ri xvlqj wkh h{shfwhg ydoxhv ri yduldeohv
lq  h{leoh sulfh htxloleuld dv �wdujhw ydoxhv/� wkdw lv/ dv wkh srlqwv ri uhihuhqfh iru
qrupdwlyh vwdelol}dwlrq hfrqrplfv1 Krzhyhu/ dv vhyhudo lqyhvwljdwruv kdyh srlqwhg rxw/
xqghu wkh qhz sdudgljp wkhvh ydoxhv duh qrw Sduhwr rswlpdo/ vr qrw doo ghyldwlrqv
iurp wkhp duh zhoiduh uhgxflqj1 Vlqfh wkhuh lv dv |hw qr frqvhqvxv rq krz wr gr
�vhfrqg ehvw� vwdelol}dwlrq hfrqrplfv/ zh iroorz wkh orqj wudglwlrq lq vhohfwlqj wdujhw
ydoxhv1

Vrph uhvxowv duh qrw vxusulvlqj1 Udqnlqjv pd| ghshqg rq wkh w|sh ri vkrfn1 Iru
h{dpsoh/ zh frq�up lq rxu rswlpl}lqj prgho wkh idploldu uhvxowv ri Edloh| +4<95,
dqg Srroh +4<:3,1 Qr pdwwhu zkdw wkh wdujhw yduldeoh/ iru prqh| ghpdqg vkrfnv/
lqwhuhvw udwh wdujhwlqj lv suhihuuhg wr prqh| vxsso| wdujhwlqj/ exw iru jrrgv ghpdqg

63



vkrfnv/ prqh| vxsso| wdujhwlqj lv suhihuuhg wr lqwhuhvw udwh wdujhwlqj1 Udqnlqjv pd|
dovr ghshqg rq wkh wdujhw yduldeoh1 Iru h{dpsoh/ zh dovr frq�up wkh vwulnlqj uhvxowv
ri Ehdq +4<;6, zkr frqvlghuhg wkh fdvh lq zklfk zdjhv duh vwlfn| exw sulfhv duh
 h{leoh dqg qrwlrqdo oderu vxsso| lv frpsohwho| lqhodvwlf1 Li wkh wdujhw yduldeoh lv
hpsor|phqw/ wkhq iru doo vkrfnv qrplqdo lqfrph wdujhwlqj ru lq dwlrq soxv lqfrph
wdujhwlqj lv ehwwhu wkdq doo rwkhu irupv ri wdujhwlqj h{fhsw lq wkh vshfldo fdvh lq zklfk
lw lv h{dfwo| wkh vdph dv prqh| vxsso| wdujhwlqj1 Krzhyhu/ li wkh wdujhw yduldeoh lv
wkh sulfh ohyho/ lq dwlrq/ ru rxwsxw/ wkhq iru surgxfwlylw| vkrfnv/ sulfh ohyho wdujhwlqj/
lq dwlrq wdujhwlqj/ ru rxwsxw wdujhwlqj/ uhvshfwlyho|/ lv ehwwhu wkdq qrplqdo lqfrph
wdujhwlqj ru lq dwlrq soxv rxwsxw wdujhwlqj1

Rwkhu uhvxowv pd| eh vrphzkdw vxusulvlqj1 Jlyhq wkdw zdjhv duh vwlfn|/ udqnlqjv
ghshqg rq zkhwkhu sulfhv duh vwlfn|1 Li erwk zdjhv dqg sulfhv duh vwlfn|/ rxwsxw lv
ghpdqg0ghwhuplqhg1 Lq wklv vlwxdwlrq/ qrplqdo lqfrph wdujhwlqj dqg lq dwlrq soxv
rxwsxw wdujhwlqj duh qr ehwwhu wkdq vhyhudo ri wkh rwkhu irupv ri wdujhwlqj wkdw zh
frqvlghu/ dqg iru surgxfwlylw| vkrfnv/ qrqh ri wkh w|shv ri wdujhwlqj grhv dq|wklqj wr
khos vwdelol}h hpsor|phqw1 Lq frqwudvw/ li sulfhv duh vwlfn|/ udqnlqjv gr qrw ghshqg
rq zkhwkhu zdjhv duh vwlfn| ehfdxvh rxwsxw lv ghpdqg0ghwhuplqhg/ dqg hpsor|phqw
lv jlyhq e| wkh surgxfwlrq ixqfwlrq1 Li wkh qrplqdo zdjh lv  h{leoh/ lw lv ghwhuplqhg
uhfxuvlyho| e| wkh oderu vxsso| ixqfwlrq1

Zh duh lq wkh plgvw ri d shulrg ri uhqhzhg lqwhuhvw lq vwdelol}dwlrq hfrqrplfv1
Hyhq li wkh uhvxowv wkdw �zh dozd|v wkrxjkw zhuh wuxh� wxuq rxw wr krog xs/ zh zloo
eh ehwwhu r� iru kdylqj vfuxwlql}hg wkhp ixuwkhu1
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Wdeoh 46= Vxppdu| ri Udqnlqjv ri W|shv ri Wdujhwlqj

nlqg ri vkrfn

vwlfn| yduldeoh/

prgho w|sh

wdujhw

yduldeoh

prqh| ghpdqg jrrgv ghpdqg surgxfwlylw|

hpsor|phqw
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UA @ �lqwhuhvw udwh wdujhwlqj/� SW @ sulfh ohyho wdujhwlqj/ \WO @ rxsxw wdujhwlqj lq wkh ohyhov prgho/

S\W @ qrplqdo lqfrph wdujhwlqj/ PW @ prqh| vxsso| wdujhwlqj

K
�W @ sulfh ohyho wdujhwlqj/ \WF @ rxsxw wdujhwlqj lq wkh frpelqdwlrq prgho/

�\W @ lq dwlrq soxv rxwsxw wdujhwlqj/ }W ' prqh| jurzwk wdujhwlqj
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Dsshqgl{ D

Lq wklv Dsshqgl{ zh suhvhqw vroxwlrqv iru vrph yduldeohv lq wkh qrwlrqdo prghov
dqg vxevwdqwldwh vrph ri wkh fodlpv pdgh lq wkh wh{w1 Iluvw/ zh rewdlq vroxwlrqv
iru wkh rxwsxw/ hpsor|phqw/ uhdo zdjh/ dqg uhdo lqwhuhvw udwh h{shfwhg wr suhydlo lq
shulrg | n �/ � ' �c � � � c4 edvhg rq shulrg | lqirupdwlrq lq erwk wkh ohyhov prgho
dqg wkh frpelqdwlrq prgho1 Wdnlqj h{shfwdwlrqv ri htxdwlrqv W504 wkurxjk W507
iru shulrg | n �/ � ' �c � � � c4 edvhg rq shulrg | lqirupdwlrq/ wdnlqj dffrxqw ri rxu
dvvxpswlrq wkdw wkh vkrfnv duh l1l1g1/ dqg vroylqj |lhog
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Xvlqj d surfhgxuh wkdw lv dqdorjrxv lq hyhu| zd| wr wkh rqh xvhg wr rewdlq htxdwlrq

+D14, h{fhsw wkdw h{shfwdwlrqv duh wdnhq edvhg rq shulrg | � � lqirupdwlrq/ lw fdq
eh vkrzq wkdw wkh rxwsxw/ hpsor|phqw/ uhdo zdjh/ dqg uhdo lqwhuhvw udwh h{shfwhg wr
suhydlo lq shulrg | n �/ � ' fc � � � c4 edvhg rq shulrg | � � lqirupdwlrq lq erwk wkh
ohyhov prgho dqg wkh frpelqdwlrq prgho duh
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Qh{w/ zh rewdlq wkh vroxwlrqv iru wkh uhvw ri wkh yduldeohv lq wkh ohyhov prgho1 Vxevwl0
wxwlqj htxdwlrq +W508, lqwr htxdwlrq +W509, iru shulrg |n�/ wdnlqj h{shfwdwlrqv ri wkh
uhvxowlqj htxdwlrq edvhg rq shulrg | lqirupdwlrq/ wdnlqj dffrxqw ri rxu dvvxpswlrq
wkdw wkh vkrfnv duh l1l1g1/ dqg pdnlqj xvh ri wkh vroxwlrq iru �
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iru rxwsxw/ lq dwlrq/ dqg wkh lqwhuhvw udwh1 Iru erwk nlqg ri prghov wkh vroxwlrqv iru
hpsor|phqw fdq eh ghulyhg iurp wkh vroxwlrq iru rxwsxw dqg wkh surgxfwlrq ixqfwlrq1
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Panel A: Wage Stickiness, Levels Model

Panel B: Wage Stickiness, Combination Model

Panel C: Reaction Schedules, Levels Model

Panel D: Reaction Schedules, Combination Model
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Figure 1: Schedules

Panel E: Wage and Price Stickiness, Levels Model

Panel F: Wage and Price Stickiness, Combination Model



Panel A1: Money Demand; IT, MT

Panel A2: Money Demand; PT, YT, PYT

Panel B1: Goods Demand; IT, MT

Panel B2: Goods Demand; PT, YT, PYT

Figure 2: Effects of Shocks with Wage Stickiness, Levels Model

Panel C1: Productivity; IT, MT

Panel C2: Productivity; PT, YT, PYT
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Panel A1: Money Demand; MT

Panel A2: Money Demand; PT, YT, PYT

Panel B1: Goods Demand; MT

Panel B2: Goods Demand; PT, YT, PYT

Figure 3: Effects of Shocks with Wage Stickiness, Combination Model

Panel C1: Productivity; MT

Panel C2: Productivity; PT, YT, PYT
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Panel A1: Money Demand; IT, MT

Panel A2: Money Demand; PT, YT, PYT

Panel B1: Goods Demand; IT, MT

Panel B2: Goods Demand; PT, YT, PYT

Figure 4: Effects of Shocks with Wage and Price Stickiness, Levels Model

Panel C1: Productivity; IT, MT

Panel C2: Productivity; PT, YT, PYT

AD

Rm&i,0

a

p

PY

y

b

Rm&i,1

AS

AD

a

p

PY

y

AS

Ry

Rp

Rpy

Rm&i,0

a

p

PY

y

b
AS

AD0 AD1

a

p

PY

y

AS

AD0 AD1
Ry

Rp

Rpy

AD

a

p

PY

y

AS

Rm&i,0

AD

a

p

PY

y

AS

Ry

Rp

Rpy



Panel A1: Money Demand; MT

Panel A2: Money Demand; PT, YT, PYT

Panel B1: Goods Demand; MT

Panel B2: Goods Demand; PT, YT, PYT

Figure 5: Effects of Shocks with Wage and Price Stickiness, Combination Model

Panel C1: Productivity; MT

Panel C2: Productivity; PT, YT, PYT
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